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INFLUENCE OF CRITICAL CURRENT AND PARAMETERS OF
JOSEPHSON JUNCTION ON FREQUENCY STABILITY OF
OSCILLATOR
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Vinnytsia National Technical University, Vinnytsia, Ukraine

Background. One of the important characteristics of generators based on Josephson junctions is the power spectral density of
phase noises. A number of theoretical and experimental studies showed the spectral shape of generation line is Lorentzian and
its width is tens or even hundreds of megahertz. Such form of generation line and its relatively large width complicate usage of
JJ in high sensitivity receivers and digital radio engineering devices with frequency-pulse coding of information.

Objective. Problem of investigation the possibility to reduce generation linewidth and increase an output power is of current
interest. In this context, the aim of this work is to study the dependence of Josephson junction generation linewidth from its
geometrical dimensions and critical current.

Methods. This article was written by means of usage the operator calculation method and mathematical analysis to construct
mathematical models and obtain graphical dependencies.

Results. Studies showed the generation linewidth decreases with an increase of Josephson junction width due to reduction in
differential resistance of junctions. A magnification of critical current value leads to enlargement of generation linewidth since
current of both normal electrons and Cooper pairs grows and this dependence is linear.

Conclusions. The analytical dependence of Josephson junction generation linewidth from its geometrical dimensions and
currents of normal electrons and Cooper pairs were first obtained. Comparison of obtained dependencies with experimental
results described in other works confirmed an authenticity of developed mathematical models.

Keywords: superconductors; Josephson junctions; generation linewidth; superconducting generators; frequency-pulse coded

devices.

Introduction

In the development of digital radio engineering
devices with frequency-pulse coding of information
generators of auxiliary signals are widely used,
frequency of which can exceed the frequency of
information signals in several times [l]. Since the
benefits of digital devices with frequency-pulse coding
of information particularly reveal themselves in the
range of ultra-high frequency (UHF), these generators
must ensure generation of signals in this range. In
addition, the ever-growing needs in expansion the band
of operating frequencies and increasing the speed of
wireless data transmission systems are increasingly
more difficult to provide in traditional technologies with
carrier frequencies in the range of 2..20 GHz (Wi-Fi,
Wi-Max, 3G, LTE). It encourages researchers to
develop wireless data transmission devices in the
terahertz frequency range, one of the main components
of which are generators [2, 3]. A promising method of
constructing such generators is the usage of Josephson
junctions (JJ) which can ensure the generation of
electromagnetic waves in the range of wavelength from
millimeter to infrared and are capable for rearrangement
the frequency by change of voltage [3].

One of the important characteristics of generators
based on Josephson junctions is the power spectral

density of phase noises. A number of theoretical and
experimental studies [3, 4, 5] showed the spectral shape
of generation line is Lorentzian and its width is tens or
even hundreds of megahertz. Such form of generation
line and its relatively large width complicate usage of JJ
in high sensitivity receivers and digital radio
engineering devices with frequency-pulse coding of
information. Therefore, problem of investigation the
possibility to reduce generation linewidth and increase
an output power is of current interest. In this context,
the aim of this work is to study the dependence of
Josephson junction generation linewidth from its
geometrical dimensions and critical current.

Solving the Problem

In general, the generation linewidth is determined by
spectral density of low-frequency voltage fluctuations

[6]
1(2eY 1(2eY 5.
Af‘}(fj SV(O)—E[;j R;S;(0), (1)

where R, is a differential resistance at the operating
point of the JJ current-voltage characteristic; S(0) is an
effective spectral density of low-frequency current
fluctuations, which in the case of JJ resistive model can
be written as
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where S3(0) and Si(w) are respectively low-
frequency and high-frequency current fluctuations
spectral densities.

Low-frequency constituent of current fluctuations
spectral density can be calculated by the formula [3]

S (0)=—— len+h—Vcthﬂls : (3)
U 2 kT

T

where [, and [ are respectively normal and
superconducting constituents of current; v is a rate of
the magnetic field change.

For junctions based on low-temperature
superconductors (LTS), considering that |eU] >> kT,
high-frequency constituent of the current fluctuations
spectral density can be calculated by the formula [7]

Si(w) =2el, + 4el,. 4)

In the case of high-temperature superconductors
(HTS) |eU] << kT and formula for high-frequency
constituent of the current fluctuations spectral density
takes on the form

21 kT
U U

In view of the above, for junctions based on HTS the
dependence of the generation linewidth from current
fluctuations spectral density can be determined by
substituting (2), (3), (4) in (1):

2
A=t kj R L(lenJrﬂcthﬁIY ¥
2\ ) o 2R

S(@) = 41 kT

Iy
+76(1n +21)].

In the case of frequent contacts and high voltages,
this formula can be rewritten as

+ . (5)

1(2Y .,
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If HTS is used for the formation of junctions, the
generation linewidth can be calculated by substituting

(2), 3), (5) in (1):

1(2Y ., 212kT
Af=—]— | R I +21 \+—2——|. (7
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To determine the dynamic resistance of JJ, we will
use the formula for the current-voltage characteristics
[7]

R, R, I

R - B
‘ R.\‘h+Rn \’]2—15

where Ry, is a shunt resistance of resistive-shunted
JI.

To calculate the superconducting current component
we will use the formula for the stationary Josephson
effect

®)

I, =1 sin ¢.

To determine the phase difference between wave
functions and current we should consider the equivalent
circuit of resistive-shunted JJ shown in Fig. 1.

The difference between the current equivalent circuit
from known ones is that it takes into account the
inductance of Josephson junction. A value of this
inductance depends on critical current on the phase
difference of wave functions and can be calculated by
the formula

B n
2el,cosp

The value of critical current /, depends on the type
of superconductor and is determined by the formula [8]

o * .
Iy sin (1) — |::| s L I::I G
o * ’ s

Fig. 1. Equivalent circuit of Josepshon junction
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where R, is a resistance of junction in normal non-
conductive state; 2A is a width of superconductor

energy gap.

In general, a phase difference of wave functions on
Josephson junction depends on the voltage and it can be
calculated by the formula

2eU
o(t)=p(0) +TZ =@, +ot.

A value of Josephson junction characteristic voltage
at which a generation takes place is associated with
critical current and resistance in normal non-conductive
state by the ratio

2
3

Value of characteristic voltage for Josephson
junctions with LTS is 200-300 mV and for Josephson
junctions from oxide superconductors  (high-
temperature) U, reaches 1 mV at nitrogen temperature
and several mV's at lower temperatures. When voltage
U > U, a generation of electromagnetic waves in the
microwave range takes place the frequency of which is
determined by the constant voltage and type of
superconductors [8]

2eU,
-

Using the equivalent circuit of JJ a current that flows
through the junction can be calculate by the formula
dU(t)

i(t)=1, sin(p(t)+C7+(G+Gw)U(t)+

fo=

+L j U(t)dt . (9)

Using the known ratio for non-stationary Josephson
effect, the value of alternating voltage on junction can
be calculated by the formula

d
U(r) :2%'—3?) .

In view of (10) the formula (9) can be rewritten as

(10)

2
L=Sin(p(t)-l— Chd goz(t)+(G+GU,)h a’(o(t)+
I, I,2e dt 1,2e dt
2
(). (1)

+—
4e*21; cos p(t) v

Formula (11) will be wused to determine the
dependence on phase difference of wave functions from
t and other elements of JJ equivalent circuit.

After a simple transformation (10) can be led to form

I do) [,_ow

+msin(p(t)—n} =0.(12)

dt’ dt cos g(t)
where k:G+Gl”, Z:E.L, m:[_()k’
2¢ 1,C C
I 2e
n=——.
Ch

Formula (12) can be written as a Lienard equation
which is as follows:

d’p(t) do(1)

ar’ dt
For its solution replacement is used and then the
differential equation of the 2nd order reduces to the

differential equation of the 1st order, the general form
of which is as follows:

+/(9) +28(p)=0.

o) 50+ (e £()=0.

Aforecited formula is Abel equation of the second
kind, which is solved analytically only in some cases.
Therefore, for solution of equation (11) Runge-Kutta
methods will be used.

For obtaining of analytical formula approximation
by power polynomial of seventh order was used in our
case. Initial data for calculation is the following:

C=0,01-10"®, G=5/7C™m, G, =17/5Cwm,
[=210" A, I,=1-10" A, T=2-10"¢, ¢,=90" -
the initial phase.

Polynomial formula for calculating the phase
difference of the wave functions is:

Pt)=p, 1" +p -t +p, P+ p e+
+p, t+ps 4 ptHp, et
Solution of equation is:
o(t) =(=0,007911) +0,008742 - £ + 0,053569 - £* +
+(=0,013860-£°) + (~0,199074 - £*) + (~0,606032 - £ ) +
+(—0,010983-1°)+2,323014 -¢".

Similar solutions were conducted for the cases when
the variables were the parameters of the JJ equivalent
circuit elements.
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Using this representation for solution of differential
equation dependence on phase difference of wave
functions from parameters of the JJ equivalent circuit

Josephson junction a = 5+20 um; surface resistance of
superconductors in the normal state 0.02 Ohm/o; shunt
resistance 0.1+0.2 Ohm.

was investigated. The research results are presented in To calculate the dependence of generation linewidth

Fig. 2-4. from geometric dimensions of junctions, the
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Fig. 2. Dependence on phase difference of wave functions from dynamic resistance of Josepshon junction
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Fig. 3. Dependence on phase difference of wave functions from electrostatic capacitance of Josepshon junction

Analysis of the results shows that change in
capacitance till 0.1 pF practically does not affect the
phase difference of wave function and change of
dynamic resistance leads to a significant change in
phase difference of wave functions. Change of critical
current also leads to a considerable change in phase
difference of wave functions and this reaffirms the
necessity to consider inductance of junction while
calculating devices based on JJ.

Following data were used in the calculations: current
density j, = 5+10 kA/em’; width of energy gap 1+3
meV; length of Josephson junction / = 40 um; width of

dependence of normal electrons and Cooper pairs
current value from current density and junction area
must be considered.

Considering this, (6) and (7) can be rewritten as:
1 (2eY

AN =—| —
4 47r( h j

x{e(jnaf +2j,al)+

2
Rap 1 (jal+2j,at)
X

Ry+p (Jial)" +(jat)

2ejia’l’

. 12
j.al+2j,al (12
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Fig. 4. Dependence on phase difference of wave functions
from critical current of Josepshon junction

where j, = (et* / 82U7) - (Af)/ T.) is a critical current
density of JJ; x is a chemical potential; Ay is a module
of superconductor energy gap parameter; 7, a critical
temperature of superconductor; p,, is a surface resistance
of superconductor; a and ¢ are width and length of JJ; j,
is a current density of normal electrons.

2

R d 2
1 (2e)| "P, | (j,al+2j,at)
Af=4— ry AT I
7 R, +p = | (hat) +(jeal)
a
, . 2ej a’ ’kT

(42 al)+——2" " | (13
{e(m Tl )+U(jna€+2j0a€) (13)

Analysis (12), (13) shows the generation linewidth
depends on dynamic resistance and current value of
normal electrons and Cooper pairs. Increasing the width
of JJ leads to an increase of current value and these
dependences are proportional to junction area and
respectively its width. Therefore, increasing the JJ width
leads to an increase in generation linewidth. At the same
time, a dynamic resistance with increasing the junction
area, and so its width, leads to reducing the generation
linewidth. Meanwhile, reduction of generation
linewidth is inversely proportional to the square of
increasing the JJ area, and so its width. Therefore, the
generation linewidth must decrease with increase of JJ
width.

Graphs on dependence of generation linewidth from
critical current of JJ are given in Fig. 5, analysis of
which shows an increase in critical current leads to an
increase in generation linewidth.
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Fig. 5. Dependence of generation linewidth from critical current of JJ
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Calculation results for dependence of generation In Fig. 7 calculation results for a research of
linewidth from the width of JJ are presented in Fig. 6. dependence on generation linewidth from constant
Af =f(a): p = 5107 Q-um, ) = 5.107 Afum?, Jy= 10-10° Ajum?
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Fig. 6. Dependence of generation linewidth from the width of JJ
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Fig. 7. Dependence of generation linewidth from constant voltage on JJ
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voltage on JJ at different values of junction width that
was conducted are shown. Analysis of them reveals that
the increase in voltage leads to a reduction of generation
linewidth and increase of JJ width also leads to a
decrease in generation linewidth.
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Josephson terahertz generator based on the

Kuuax B.M., I'y3v M. /., I pomosuii /I.C.

BB KpUTHYHOrO CTpyMY Ta napamMerpiB nepexony /lxxo3edcona Ha cTadiibHiCTL YaCTOTH reHepaTopa

IIpodaemaTuka. OnHicl0 i3 BaXIIMBUX XapaKTEPUCTHK TeHepaTopiB Ha 0a3i mepexoniB Jlxo3edcoHa € crekrpaibHa
HITBHICTD TOTYXKHOCTI (pPa30BHX IIyMiB. B psi TeOpeTHUHHX Ta eKCIIEPUMEHTAIBHHUX Mpallb OKA3aHo, 1O CHeKTpaibHa hopMa
niHii TeHepanuii € JOpeHIEeBO, a ii IIMPUHA CTAHOBMTH JIECATKM Ta HABITh COTHI Merarepi. Taka ¢opma JiHii reHepauii i
BIIHOCHO BeJIMKa il MIMPHHA YCKJIAJHIOIOThH 3aCTOCYBAHHS JPKO3e(DCOHIBCHKHX MEPEXOMIB B MPUIMAIBHUX MPUCTPOSX BHCOKOT
YyTIMBOCTI Ta U(PPOBUX PANIOTEXHIYHUX IPUCTPOSIX 3 YACTOTHO-IMITYJIbCHUM KOJ{yBaHHSIM iH(OpMAIIii.

Merta gociizKeHb. AKTyalbHOIO € 3a7a4a JOCTiHKeHHS MOKITMBOCT] 3MEHIIICHHS IIMPHHY JIiHIl TeHeparlii Ta 1miABAIIeHHSI
BUXITHOI MOTY)KHOCT. Y 3B’S3Ky 3 IMM, METOI0 TaHOI TIpami € OCTiMKEHHS 3aJe)KHOCTI IMPHWHM JiHIl TeHeparii Bif
TeOMETPHYHUX PO3MipiB mepexoy xo3edcoHa Ta BENHIUHE KPUTHYHOTO CTPYMY.

Metoauka peanizamii. s cratTs Oyna HamucaHa 3a JOMOMOTOK) BHKOPHCTaHHS METOIIB OINEPATOPHOrO OOYMCICHHS i
MaTeMATUYHOTO aHAaNi3y JUist OOYI0BU MaTeMATHYHUX MOJIeNeil 1 OTpiUMaHHs rpadiuHuX 3aJeKHOCTEH.

PesyabTaTn gocaimkennb. J[OCTHiPKeHHS MOKa3anM, IO MIMPHHA JiHII TeHepamnil 3MEHIIYEThCs 31 30UIBIICHHSIM IHPHHA
nepexony J[xo3edcoHa 3a paxyHOK 3HMKEHHS AU(EpeHIIaNbHOTO OTOpPY NepexoiB. 30IIbIIEHHS] BEMUMIHMHA KPUTUIHOTO CTPYMY
TPU3BOJIUTH JI0 PO3LIMPEHHS IIMPHHH JIiHIT TeHepaii, OCKUIbKH CTPYM HOPMAJIbHUX €JIEKTPOHIB 1 KYIIEepIBChKHUX Tap 3pOCTae, 1 I
3aJIe)KHICTh HOCUTB JIHIMHUI XapakTep.

BucnoBku. Briepiie Oyna oTpuMana aHaliTH4YHA 3alekKHICTh IIUPUHU JIiHIT TeHepauii nepexony Jxosedcona Bijx Horo
TCOMETPUYHKX PO3MIPIB i CTPyMy HOPMAIbHHX CNEKTPOHIB Ta KymepiBchbkux map. [TOpiBHAHHSA OTPHMAHHX 3aleKHOCTCH 3
eKCIIEPUMEHTAIBHIUMH pe3yJibTaTaMH, ONMCAHUMH B IHIIUX POOOTAX, MiJATBEPAUIN JOCTOBIPHICTh PO3POOICHUX MaTeMaTHIHHX
MOJIEJIEN.

KurouoBi cioBa: Haanposinxuku; nepexoau Jxosedcona; mupuHa JiHIT TeHepalil; HaIIIPOBIIHUKOBI TI'€HEPaTOPH;
HPUCTPOI 3 YACTOTHO-IMITYJIbCHAM KOTYBAaHHSIM.
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Kuuax B.M., I'y3o M./I., I pomoswrit /1.C.

Buusinue KpUTHYECKOr0 TOKA U MapaMeTpoB nepexojaa /[:xo3edcoHa Ha cTaOWIBHOCTH YACTOTHI FeHepaTopa

Ipo6aemaTuka. OHON M3 BaKHBIX XapaKTEPHCTHK TEHEPATOpPOB Ha OCHOBe ImepexonoB Jkosedcona sBisiercs
CIIEKTpaJibHasl TUIOTHOCTh MOLIHOCTH (ha30BBIX HIYMOB. B psjie TEOpETHYECKUX U 3KCIEPUMEHTAIBHBIX Pa0OT MOKa3aHO, YTO
crieKTpaiibHas (hopMa JIMHUK TeHEePAIUH SIBJISICTCS JIOPCHIICBOM, a €€ IIMPUHA COCTABIISCT JICCATKU H Ja)Ke COTHH Merarepll. Takas
(dopma JTMHUHU TEHEepalud ¥ OTHOCHTEILHO OOJjblas e¢ MIMpHUHA 3aTPYJHSIOT MPUMEHEHHE JPKO3e)COHOBCKHX MEPEXOJOB B
MIPUEMHBIX YCTPOMCTBAX BBICOKOH Y4yBCTBUTEIBHOCTH U IM(POBBIX PAJUOTEXHHUUECKHX YCTPOMCTBAX C YACTOTHO-UMITYJILCHBIM
KOJIMPOBaHUEM HH(POPMAIIHH.

Henp wuccaenoBanmii. AKTyanbHON SBJIsieTCS 3aJada HUCCICAOBAHUS BO3MOYKHOCTHM YMEHbBIIEHHS IIMPUHBI JIMHUAN
TCHEpPAIMK U MOBBIIICHUE BBIXOHON MOIIHOCTH. B CBSI3M ¢ 3TUM, LIENbBIO JaHHOW pabOoThI SBISIETCS UCCIIEIOBAHUE 3aBHCUMOCTH
HIMPHHBI JIMHUK TeHEPaIMU OT FTEOMETPHUYECKUX pa3MepoB nepexoja JxozedcoHa v BEIMYMHBI KPUTHYECKOTO TOKA.

MeTtoauka peajau3aluu. JTa CTaThs ObLIa HAITMCAHA C TIOMOIIBIO HCIIOJIL30BAHUSI METOJIOB ONEPATOPHOIO UCYHCIICHUS U
MaTeMaTH4YeCKOro aHaJi3a ISl IOCTPOCHUS MaTEMAaTHUECKUX MOJICNICH M TIOTydeHHs rpadUYecKuX 3aBUCMOCTEH.

Pe3yabTarsl HcciaenoBaHuid. VccnenoBanusi Mokaszand, 4TO IIUPUHA JIMHUM T€HEPAIlMM YMEHBIIACTCS C YBEIMUYCHHUEM
HUpHHBI Tiepexona Jko3edcona 3a cuer cHwkeHus MuddepeHaIbHOro CONpPOTHBICHUS TIEPEX0/I0B. YBEINYCHUE BEITHMUYHHBI
KPUTHYECKOTO TOKa MPHBOAWUT K PACHIMPEHHUIO IIMPHUHBI JIMHUM TEHEPaluH, MOCKOJIbKY TOK HOPMAIBHBIX 3JIEKTPOHOB M
KYIEPOBCKHUX TIap PacTeT, ¥ 3Ta 3aBUCUMOCTh HOCUT JIMHEHHBIH XapaKkTep.

BoiBoabI. BriepBrie ObUia MoMydeHa aHATUTHYECKAs 3aBUCHMOCTh NIMPHUHBI JIMNHUK I'eHepanuu nepexonaa J[xo3edcona ot
€ro reOMETPUYECKUX PasMepOB U TOKa HOPMAJIBHBIX 3JIEKTPOHOB U KylepoBCKuX nap. CpaBHEHHE IOJIyYEHHBIX 3aBUCUMOCTEH €
IKCIIEPUMEHTATLHBIMU  Pe3yJIbTaTaMK, OIHMCAHHBIMA B JPYruxX padoTax, MOATBEPAWIN JOCTOBEPHOCTh pa3pabOTaHHBIX
MaTeMaTHYECKUX MOJCIICH.

KnaroueBble ciioBa: CBEpXIPOBOAHUKH; mepexoabl Jxo3edcoHa, MIMpUHA JMHUM TeHEPAIWH;, CBEPXIIPOBOJISIIIE
TeHEPaTOpPbl; YCTPOHCTBA C YaCTOTHO-UMITYJIbCHBIM KOJJMPOBAHHEM.



