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OPTIMIZATION OF THE SCATTERING MATRIX OF FREQUENCY -
DETUNED ADD/DROP FILTERS FOR MULTIPLEXERS BUILT ON
SYSTEMS OF OPTICAL DIELECTRIC RESONATORS WITH
WHISPERING GALLERY MODES

Alexander A. Trubin

Educational and Research Institute of Telecommunication Systems
Igor Sikorsky Kyiv Polytechnic Institute, Kyiv, Ukraine

Background. A significant increase in the speed of information transmission in fiber-optic communication networks is
determined by the strict requirements imposed on the elemental base of receiving and transmitting devices. One of the
important components of such devices is diplexers built on different notch and bandpass filters, which are often performed on
dielectric resonators (DR) with whispering gallery mode (WGM) oscillations. Calculation and optimization of the parameters
of multilink filters and diplexers built on DR is impossible without further development of the theory of their design. The
development of the theory of diplexers today is often based on electrodynamic modelling, which is built on preliminary
calculations of filter scattering parameters in various transmission lines with a complex topology of connections.

Objective. The aim of this study is to construct electrodynamics models of wave scattering on complex multi-connected
DR structures with degenerate types of WGM natural oscillations, which contain several frequency-detuned bandpass or notch
filters located in one or several transmission lines. To solve the scattering problem, we proposed a system of equations derived
from perturbation theory for Maxwell's equations [24], modified to describe the DR fields with whispering gallery oscillations
in transmission lines. The construction of such solutions is complicated by the fact that each of the partial optical resonators of
the filters, in the case of excitation of azimuthally inhomogeneous WGM in it, has, as a rule, two degenerate types of natural
oscillations. Moreover, each such type of oscillation is characterized by different complex values of the coupling coefficients
with the line, open space, and also with other resonators. The latter circumstance leads to the fact that the systems of equations
for the amplitudes of natural and forced oscillations of resonators are doubled. The signs of the coefficients of mutual coupling
are usually different, this leads to the fact that the behaviour of DRs in the system becomes more difficult to predict, therefore
the second objective of this work is to study the patterns of the scattering characteristics of line waves on systems of
frequency-detuned DRs with degenerate types of oscillations with the possibility of constructing multiplexers for modern
optical communication systems.

Methods. The methods of technical electrodynamics are used for calculating and analysing scattering matrices. The end
result is obtaining new analytical equations and formulas for new complex structures of coupled dielectric resonators with
whispering gallery oscillations in the different transmission lines.

Results. Frequency dependences of scattering matrices on complex structures of frequency-detuned filters built on coupled
optical DR with whispering gallery oscillations located in one or more transmission lines are considered. Electromagnetic
models of bandstop and add/drop filters are built, consisting of various optical resonators with degenerate types of natural
oscillations. General analytical expressions of vector coefficients and matrices for building systems of equations describing
coupled oscillations, as well as forced oscillations of resonators in cases of their use in optical filters with serial and parallel
arrangement, are given. General solutions for the scattering field on frequency-detuned resonators located in different optical
transmission lines have been found. Examples of calculating frequency dependences of the scattering matrix for the most
interesting structures consisting of two different frequency-detuned filters are given. The frequency scattering characteristics of
several types of devices are calculated, which consist of two notch filters with different blocking bands, made on detuned DRs
in one transmission line. The possibilities of the earlier proposed method are demonstrated in the example of calculating the
scattering characteristics of known types of diplexers built on the basis of the use of two add/drop filters with different
frequency bandwidths. The frequency dependences of the scattering matrices of the two most common types of devices,
located in parallel between two or four regular transmission lines of add/drop filters with different numbers of resonators;
laterally coupled add/drop filters; parallel-coupled add/drop filters; twisted double-channel side-coupled integrated space
sequence of resonators (SCISSORs), were studied. New scattering models of diplexers consisting of optical resonators of
different connection topologies were built: serial, parallel with the use of laterally coupled add/drop filters; parallel-coupled
add/drop filters; twisted double-channel SCISSORs. The frequency dependences scattering matrix of the diplexers were also
calculated. The characteristics of the designed diplexers obtained from the examined filters of different types were compared.
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This is an Open Access article distributed under the terms of the license CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/), which permits re-use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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Conclusions. The theory of diplexer construction, which takes place on the simultaneous optimization of the scattering
matrix of several filters built on complex systems of dielectric resonators with degenerate types of whispering gallery
oscillations is expanded. A calculation method was developed and new analytical relations were found for the scattering matrix

coefficients of optical diplexers of various types.

Keywords: scattering, dielectric resonator, scattering matrix, notch filter; laterally coupled add/drop filter, parallel-
coupled add/drop filter; twisted double-channel SCISSOR, diplexer.

I. INTRODUCTION

Multiplexers of various types, built on the basis
of filters on dielectric resonators (DRs) with whispering
gallery mode (WGM) [1 - 24], are important elements
of modern optical communication systems. The design
and tuning of optical multiplexers, which typically
contain a large number of different multi-section filters,
is a complex technical task. An important stage in its
solution is the optimization of scattering characteristics
on complex systems of coupled DRs, which are usually
located in multi-connected structures of optical
transmission lines and also have degenerate types of
natural oscillations.

The aim of this study is to construct
electrodynamics’ models of wave scattering on multi-
connected complex DR structures with degenerate types
of natural oscillations, which contain several frequency-
detuned bandpass or notch filters located in one or
several transmission lines. To solve the scattering
problem, we use a system of equations derived from
perturbation theory for Maxwell's equations [24],
modified to describe the DR fields with whispering
gallery oscillations in a transmission line. The
construction of such solutions is complicated by the fact
that each of the partial optical resonators of the filters,
in the case of excitation of azimuthally inhomogeneous
WGM in it, has at least two degenerate types of natural
oscillations. Moreover, each such type of oscillation is
characterized by different complex values of the
coupling coefficients with the line, open space, and also
with other resonators. The latter circumstance leads to
the fact that the systems of equations for the amplitudes
of natural and forced oscillations of resonators become
more complex. The signs of the coefficients of mutual
coupling are usually different, this leads to the fact that
the behaviour of DRs in the system becomes more
difficult to predict, therefore the second objective of
this work is to study the patterns of the scattering
characteristics of line waves on systems of frequency-
detuned DRs with degenerate types of WGM
oscillations with the possibility of constructing
multiplexers for modern optical communication
systems.

II. SCATTERING THEORY ON DETUNED DRS
WITH DEGENERATE OSCILLATIONS IN
TRANSMISSION LINES

Let us first consider the simplest case of wave
scattering on two notch filters made on the basis of
different frequency DR with WGM oscillations (Fig. 1,
a). Let us assume that we know the field of degenerate
natural oscillations in frequency for all resonators of
both filters. We will characterize each type of
oscillations by a given parity of the field distribution
relative to a given plane of symmetry of the resonator in

the transmission line: even (eg,h{), or odd (e;,hy).
We will designate the frequencies of these oscillations,
respectively, as: @ = o, +iwg , or @ =, +iwg . The
coupling coefficients of the DR with the transmission
line kS, k° can be calculated using analytical
expressions for the field of the line and the field of each
of the N resonators (eg,h;), (eg,h7), (s=12,...N)
[27]. We can also calculate the mutual coupling
ISP St

coefficients for non-propagating and

propagating waves Efz; Efz , using the expressions for
the field of the line and the field of the resonator [27].
We will assume that the coupling coefficients with the

open space k=k®° of each of the resonators with
rotational symmetry are equal for identical oscillations
of different parity. It is also obvious that such
degenerate oscillations are orthogonal to each other; the
coupling coefficients between them in each resonator
are equal to zero.

In the case of scattering on two different filters, the
first of which consists of N;, and the second of N,

DRs to construct the theory, we use scattering field
expansions in terms of v-th coupled oscillations of the

(N,+N,) DR  system (eV,hV) [27]
(v=1,2,..,2(N; +N,)).
2N, 2(N;+N,) 2(N;+N,)
e(r)=) bfe(r)+ >, bXeX(r)= ) bel(r);
s=1 s=2N,+1 s=1
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(1)
2Nl 2(N1+N2) 2(N,+N2)
h(r)=) bEh*(r)+ > bXh¥(r)= >  bh(r).
s=1 s=2N; +1 s=1

Here g=e,o0, depending on the type of parity of
the partial resonator oscillations. To reduce the length
of the formulas, in some sums (as, for example, (1)) we
will omit the indices denoting the filter number or the
parity index. Next, we will agree that the first indices
will denote 2N, the amplitudes of the natural
oscillations of the resonators or other parameters of the
Ist filter and that the indices changing from 2N, +1 to

2(N, +N,) will of the
resonators and other parameters of the 2nd filter. Let us
also denote by M =2(N,+N,) the total number of

resonances of both filters taken into account.
We determine complex amplitudes b,

denote the amplitudes

and

complex frequencies ®=w'+io" of coupled
oscillations of detuned DRs system, solving the
problem of eigenvalues of the coupling operator K
[27]:

M
ZKstbs +(ik, —=A,)b, =0, ()
s#t
(t=1,2,..,M);
O—o; , ,
A =2-(———), which we also transform into the
t
form:
M
D kb, +(k,—1)b, =0, 3)
s#t
(t=12,...M);
h=2.(2=20y,
o)

Where for each eigenvalue A (determined by the
frequency ®): the field of coupled oscillations takes
the form (1). Here

o
= K.:

K st 2
@y

st

U
t.
b

0, — O

& =12k +k,)-2
0 @,

_ .60 _ 1,60 , :1.€,0 : :
K, =%g =ki’+ik:° mutual coupling coefficient of

the s-th and t-th DR for even or odd mode; k
coupling coefficients of resonators with open space;
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k,=k*° coupling coefficients of resonators with

/e,0

transmission line; @ =w;° =, - is the real part of the
frequency of t-th DR even or odd mode; b, =b° -
complex amplitudes; @, - arbitrary frequency [27],

defined to give a canonical form to the solution of the
problem of natural oscillations (2).
In the second stage, we construct a solution to the

problem of the (El*, Hl*) wave scattering on a system

of coupled detuned DRs with WGM, also using the
perturbation theory of Maxwell's equations and
expansions (1). Here 1 - is the multi-index
characterizing transmission line mode.

We will assume that each of the resonators of two

filters may be made of a loss dielectric: & =g —ig!
(s=1,2,..,2(N; +N,)), wherein €’ << ¢€.. We present

the solution to the scattering problem in the form [24],
also decomposing it into coupled oscillations of the
resonators of both filters:

M
E(w)=E/ +Ya‘(o)e’;
s=1

4)
H(w)~H' +3a ()h’,

where (es, hs) - is the field of coupled oscillations of a

resonator system (3), corresponding to the eigenvalues
A=A° (s=12,..,M).

Using expressions of perturbation theory, written
for the scattered field, transmission line field, and also
the fields of partial resonators, we arrive at the equations

for amplitudes a®(w) [27]:

Y2 (@bFQu () =-Q(¢f") Tow,  (5)

where
Q () =0/0,+2iQ (0/®,~1-1"/2);  (6)

QP =w,w, /P” - loss quality factor in the dielectric of
the t- th DR for even or odd degenerate oscillations;
D_ O « g 2 . . .
here P~ =—¢{ _[ ‘et‘ dv) determines the dielectric
2 v,
power loss of the t - th resonator; c%i - field expansion
coefficient of t— th DR by transmission line waves in
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the region z>z, (sign +), or z<z, (sign-) [27]; here
z, - longitudinal coordinate t -th DR along the z-axis

of the transmission line.

The transmission T and the reflection coefficient
R of the complex detuned DR system in the
transmission line we obtained in the form taking into
account simultaneously the natural oscillations of the
resonators of both filters:

T(w)=T, + i[ibfcf* Ja“ (o) =

=T, - detB( )ZdetB (0);

(7
R(w)=R, + Z(Zb:cf‘ja“(w) =

=R, - detB( )ZdetB (®).

Where T,, (R,) is the transmission (reflection)

coefficients of the transmission line without DRs. From
(5) we find:

B! (0) =
- blQ, ) QY b ikir B Qu(@) |
b,Q,,(®) Q Z L bike b)'Qyy, (®)
]M—lQl(M—l)((D) Qz zu 1 u u(M 1) I’:/[/[—IQM(M—l)((D)
by Q,y (@) Q7 Zu1 Ko buQu (@) ]
)]
biQn((D) blezl((D) bileMl(o‘))
B(0) = b,Q,(®)  b3Q,(m) ... b)Qy,(w) :
b}\/IQlM((D) b; Q2M(('0) bﬁQMM((D)
Here ki = (eer) (ogw, ) = e "
N;:r :(Cs c§+*)/((‘0nwn):(lzsn)oeiir(ZSJrZ“); C:i ’ csgi - iS
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the expansion coefficients of the s -th DR field: (eg,h;),
M)
on the propagation wave field of the line (E/,H;); T -

or (eg,hy) (v,g=even _or_odd_ mode; s=1,2,...,

- coordinate of the

t -th

longitudinal wave number of a line; z_

s-th DR; QP
resonator.
Let us define below, for brevity, the determinant of

- dielectric loss Q-factor of

a matrix BY (o) as the determinant of a matrix B(w) in
which the s -th column is replaced by a column vector:

:(Ql Zul u :1+

b k=

uu2

Yk

QY bk, QX b, uM)T ©)

where T transposition sign. The structure of the vector
V. is determined, on the one hand, by the interaction of

the partial resonators of the filters with the field of the
incident wave (El", Hr) , and on the other hand, by the

topology and quantity of it radiation into a given
transmission lines.

III. SCATTERING ON DIFFERENT NOTCH FILTERS
OF DETUNED DRS

Using the results of theory (2) — (8), we
investigate the frequency dependences of the scattering
matrix of two notch filters with detuned frequencies,
located in series in the transmission line. The study of
such filters is of interest for the design of a new type of
bandpass filters for optical communication systems,
proposed earlier in [26].

Let us assume that all resonators of each filter are
identical and located at the same distance from each
other. Here and below, circles of different sizes indicate
detuned resonators.

To minimizing the mutual coupling coefficients,
we proposed that adjacent filter resonators are located
on different sides of the line (Fig. 1, a).
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1 N1 2 N,
O O o 6L
[ 1
0O O o o :
2 N, 7 Ny-1
a
SEI!
dB.
20
-a0
"N e w o f THz "o " 2lmf, THz
b c

Fig. 1. Scattering characteristics (b, ¢) of the system of
two different optical notch filters (a): f; =200 THz; detuned

in frequencies df =£0,75 THz relative to fy; Ny =N, =4
DRs. The distance between adjacent DRs I'Azg ¢ =31n/2;
the distance between nearest filter DRs: I'Az;, =64n/2.
DR coupling coefficients with a transmission line: for even
mode: 112 =0,002; for odd mode: 12;’ =0,0002; coupling
coefficients of the resonators with open space: 12=1077;
coupling coefficients between neighbouring DRs for even
mode: ki, = 107> ; for odd mode: ki, = -107.

Considering that the coefficients of mutual coupling
are rapidly decreasing functions of the coordinates, we
will also neglect the interaction of non-adjacent DRs
along  non-propagating waves of the line:

k" =k’ (1-8,,)8, . here 8 Kronecker symbol.

The coupling matrix K (2) of two bandstop filters
we represented in the form:

- 2Np M
K=litk+ L kEsg, + 30 KiE83)8, + Ky (1-89).
v=1 v=2N;+l
Fig. 1, b, c show the frequency dependences of the S-
matrix elements obtained by solving equations (2), (5),
taking into account the approximations made. Where

S, =201g|T|; S, =20IgR|.
Let us pay attention to the minimization of

of the obtained frequency
dependences, which arises as a consequence of the

parasitic oscillations

minimization of mutual coupling between partial

resonators.
o0 -+ 0 OO0 --- O
00 - O OO0 - O
|1 1 2 N, 1 2 N, 2
a
St 0f

—201

—40f

¥ . . N . . .
198 199 200 f THz 198 190 200 f THz

b c

Fig. 2. Two band stop complex design SCISSOR (side-
coupled integrated spaced sequence of optical resonators)
filters (a). Scattering characteristics (b, c¢) of the system of
filters (a): f; =200THz; df=+0,5THz; N;=N, =4
resonators;  'Azg o) =31n /2; Az, = 64n/2. DR
coupling coefficients with a transmission line: for even mode:
kS =0,002; odd mode: kO =0,001;

for coupling

coefficients of the resonators with open space: E:IO_g;
coupling coefficients between neighbouring resonators for
even mode: ki, = 107, for odd mode: ki, =-107;
coupling coefficients between vertically adjacent resonators
for even mode: kvj, =2- 107 ; for odd mode: kvy, = ~107°.

An example of calculating the frequency dependences
of the scattering matrix of two frequency-detuned notch
filters of a more complex design is shown in Fig. 2. The
main difference of this structure is the possibility of
more flexible control frequency characteristics of the
scattering matrix by varying the coupling between
adjacent filter resonators.

The coupling matrix of these filters K (2) is
represented in the form:

- 2N1 - 4N1+2N2 -
K=litk+ Y k&8, + > ki#8,)8 + ke (1-84) -
v=] v=4N;+1
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In contrast to the sequential arrangement of the DR
(Fig. 1, a), half of the filter resonators (Fig. 2, a) are not
coupled to the transmission line; this leads to the fact
that the system of equations (2), (5) has a more complex
structure; s-th column of V, rows are sparse due to:

¢t =0, if 2N, <t<4N,, or
4N, +2N, <t<4N, +4N,. In this case, vectors (9)
take the form:

D e
Q' X bikuzerl) 0
uel
(10)
T
0]
in which the summation is carried out only over the set

of natural oscillations of resonators coupled to the
transmission line:

{Ql Zbu ul

uel

+
QZ z buku2—4N1 +1)

uel

Q7 > buku(4N1+2N2)

uel

QY bk =QP Y bk + QY ik

uel

(11)

The calculations performed show the possibility of
obtaining smooth scattering characteristics on filters of
this type (Fig. 2, b, ¢), which may have wider rejection
bands.

IV. SCATTERING ON DIFFERENT ADD/DROP
FILTERS OF DETUNED DRS

We study the scattering on several add/drop
filters [1, 6 - 8] detuned by frequencies and possible
options for constructing diplexers based on them,
optimized for the frequency characteristics of the S-
matrix.

Let's first consider a pair of laterally coupled
add/drop filters built on a cascade connection of
resonators with whispering gallery oscillations (Fig. 3,
a).

In general, define transmission coefficients

between 1 and v port of the structure:

T, ()= T°+Z(Zb‘ “ja ()=

— B+lv 12
8y, — B )Z (@), (12)

where TS is the transmission coefficient without
DRs; the scattering matrix coefficients:

T1v(0°)|- The B(w) function still

has the form (8). We again define the BlVi (®)

dependencies as the determinant of the matrix
B(®), in which the s -th column is replaced by a

column vector Vslv(oa), determined by the

coupling between the filter resonators and the v -
th transmission line.
For the add/drop filter shown in Fig. 3, a:

{Ql Zbu ul+ Ql Zbu u2 0

uel uely

Q2 z bu u(2N1+l) QZ Z bu u(2Nl+2) 0

uel uel

Ql Zbu :; 0

uel uel

V2= [Ql ¥ bkl

Qz Z bu u(2N1+1) Qz Z bu u(2N1+2) 0

uely uely

Ql zbuu2 0

uel,

VB [Ql Z bu :;T

uel,

Q2 Z bu u(2N1+1) QZ Z bu u(2N1+2) 0

uel,y uel,

V14 [Ql zbu ul+ Ql zbu u2 0

uel, uel,
T
Q2 Z bu u(2N1+1) QZ Z bu u(2N1+2) 0 .. OJ

uel, uel,

Where formally:

Zbuk:: _b?f(li: +b;1~(§: +

uel;

S x S T
+b2N +1k + sz +2k(2N1+2),r ;

(2N, +1),r



ki+

s 1o+t
-1 (2N1—1),r+b k +

2N, 2N

Z bilzj: = b;Nl

uel,

S ki+

S *+
+b2(N]+N2)—1k[2(Nl+N2)—l],l’ + bZ(N] +N,) T [2(N; +N, )Lr -

The coupling matrix K (2) of the resonators for the
filter shown in Fig. 3, a, we represented in the form:

K= ”i(k +k18g1 +kadgp +Kan, 18san, -1y T Ko, Ssany) +
+Kon, 410san 1) F Kon +205an42) F

+KoN 128, 1858 +28, 1) F Kang 2N, Bsang +2n,) st +

Kt (1_65t)" (14)

Where k, = k|°- is the coupling coefficient of the even
oscillations of the 1-st microresonator of the 1 filter;
k, =kl°- is the coupling coefficient of the odd

oscillations of the of the 1-st microresonator of the 1
filter with the transmission line 1-2 (Fig. 3, a);

1~<2N1—1 = 12%31 - is the coupling coefficient of the N, -th
microresonator of the 1 filter with the transmission line
3-4 also on an even oscillation; k,y =k - is the
1 1
coupling coefficient of the N, -th microresonator of the
1 filter with the transmission line 3-4 on an odd
oscillation; 122N1 .1 =k - is the coupling coefficient of
the even oscillations of the 1-st microresonator of the 2
filter; lzle > =k{°- is the coupling coefficient of the

odd oscillations of the of the 1-st microresonator of the

2 filter with the transmission line 1-2 (Fig. 3, a);
Ele F2Ny-1 :1212\?2 - is the coupling coefficient of the
N,-th microresonator of the 2 filter with the
transmission line 3-4 on an even oscillation;
f(le N, = 1212\102 - is the coupling coefficient of the N, -
th microresonator of the 2 filter with the transmission
line 3-4 on an odd oscillation;

k is the coupling coefficient of the resonator with

open space; Ky =k =k5 - mutual coupling

coefficient of adjacent resonators: if |s - t| =2 and
Ky =0 in other cases (s,t=1,2,...,2(N; +N,)).
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2.0 O 2
1 O O
[ 1
1 2
a
S10f ) Sa,
dB

—40F 4

“Toos 1000 200

—60 L L L —60 L L L
199.8 1999 200 1998 199.9 200

Fig. 3. Two different laterally coupled add/drop filters (a).
Scattering characteristics (b - e) of filters (a): N; =3;

N, =2; f;=200THz; df =+0,075THz. The distance
between filters: I'Az;, =31n/2. DR coupling coefficients
mode:
filter:

with a transmission line: for the

kb2 -15.107%; for odd mode of the first
12;? =8-107; of the second filter: 125.0 -107*

cven

coupling

coefficients of the DRs with open space: k= 10_7; coupling
coefficients between neighbouring resonators of the first

filter: for even mode: k%g =1,4-107%; for odd mode:
kg =-14-107;
k% =1,5-107*; for odd mode: k3% =—-1,5-107.

of the second filter: for even mode:

A proposed allows us to
simultaneously tune the characteristics of several
add/drop filters,

reflection characteristics of the resonator system in the

scattering model
controlling the transmission and

line.

45
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Let us assume that the natural frequencies of the
=199,925 THz;

and the second filter f, =200,075THz. The quality

factor of the dielectric of all resonators is the same:

partial resonators of the first filter are f]

Q" =10°. The mutual coupling coefficients between
=k’ .

Fig. 3, b — e shows the frequency characteristics of
the scattering matrix on two bandpass add/drop filters
made of two systems of detuned resonators.

It is also evident from the obtained data that in this
design the use of two frequency-detuned filters with a
number of resonators of different parity, allows the
channels to be separated with a minimum number of
transmission lines used.

The attenuation between the diplexer channels can
be increased by adding a complementary line to the
structure (Fig. 4, a). In this case, the analytical

adjacent resonators are the same: k*

s(s+)

expressions for the vectors V“, V12 coincide with
(13), while

0 Qz Z bu u(2N1+1)

uel,

T
0 .. 0]

0 QZ Z bu u(2N1+l)

uel,

T
0 .. OJ.

The coupling matrix K (2) of the microresonators
for the structure shown in Fig. 4, a we presented in the
form (14), by eliminating the coupling between the
filter resonators along the propagating waves of the
line.

In a similar way, one can calculate the frequency
characteristics of scattering at two frequencies detuned
parallel-coupled add/drop filters.

In the case of parallel arrangement of filters
(Fig. 5, a), the general solution of the scattering

VP = [o

QZ Z bu u(2N1+2)

uel,y

vio = {0

QZ Z bu u(2N1+2)

uel,

4 3, 6 S s
B @B
12 N, ﬁ\/\l\\
N, 2 1
) -0
3 1 5 “Soos s w0 §TH Tleos 1990 200 £ THz
a b c
s Sy, s
a8 @B a8 @B
- -
s 20 f THz Toos 109 20 £ THz k 0 f THz s s w0 §TH
d e f g

Fig. 4. Diplexer on two different bandpass add/drop filters
(a). Scattering characteristics (b - e) of filters (b - g).
Coupling coefficients between neighbouring resonators of the

second filter: for even mode: klzze = 1,4-104; for odd mode:

k12 = 1,4-10_4. The remaining parameters of the
resonators are as in Fig. 3.
T
C++ .
[Ql Zbu ul Ql zbu u2 0 .. OJ ’
uel, uel,
(15)

T
0 .. Oj;

V14 [Q zbu ul+ Ql Zbu u2

uel, uel,

problem also has the form (8)-(9), in which:

V]] _(Ql Z ]bzkur Ql Z ]biku;
Qz Zu =l ik;?M 1 Qz Zu 1 Ou uM) 5
Vlz (Ql Z 7]blslk:;- Ql Z lbuk:;

Qz Zu lbuk:er )

13
Vs

12,
:VS 5

QL.

14
VS

b k++

u=l u o uM

_wll
=v!'

)

(16)

The coupling matrix K (2), shown in Fig. 6,
and in the case of the same coupling of the

resonators with

the

represented in the form:

transmission

lines,

we
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Fig. 5. Two different parallel-coupled add/drop filters
(a) in a transmission line. Scattering characteristics (b - €) for
N;=3; N, =2; f,=200THz; df =40,075THz. The

distance between adjacent resonators I'Azg ¢ 1 =31n/2; the
distance between nearest filter resonators: I'Az; , =621/2.
DRs coupling coefficients with a transmission line: for even

mode of the first filter: 12;‘* =3~10_5; the second filter:
k2 =4.107; for the odd mode of the filters:
Kkl =k2°=2.107; coupling coefficients resonators with

open space: 12:1077; coupling coefficients between
neighbouring resonators of the first filter: for even mode:

k}% =8-107°; for odd mode: k}g =—4.107%; of the second
filer: for even mode: ki5=2-107;

k¥ =-2.107°.

for odd mode:

L 2Ny M
K=lik+2Y K85, +2 Y ki®8,)8 + Ky (1-8)
v=l v=2Nj+1

(17)
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Fig. 6. Diplexer on two different parallel-coupled
add/drop filters (a). Scattering characteristics (b - e) for
N;=3; Np=2; f,=200THz; df=+0,075THz. The
distance between adjacent microresonators
Az 1 =31n/2; the distance between nearest filter
['Az) 5, =61n/2.
coefficients with a transmission line: for even mode of the

first filter: 125 = 3~1075; the second filter: Ege = 4~1075; for

the odd mode of the filters: 12;0 =1§§° =2-107; coupling

resonators: Microresonator ~ coupling

coefficients of the resonators with open space: k=107 ;
coupling coefficients between neighbouring resonators of the

first filter: for even mode: kﬁ =8-10°; for odd mode:

k%(2)=—4-10_5; of the second filter: for even mode:

k{$ =2,4-107 ; for odd mode: ki§ =-2-107°.

Fig. 5 shows the frequency dependences of the
scattering matrix of two frequency-detuned parallel-
coupled add/drop filters, obtained using the relations (2)
(8)-(9), (16).

A diplexer built on the basis of parallel-coupled
resonators is obtained by supplement additional
transmission line (Fig. 6, a) and “separating” the filters.
The necessary analytical relations for the scattering
matrix are obtained from (9), taking into account that
the vectors V!'; V!*; in this case formally coincide

with (16), while
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Fig. 7. Different twisted double-channel SCISSORs (a)
in a transmission line. Scattering characteristics (b - e) for
Ny =2; N,=2; f;=200THz; df=+0,2THz. The

distance between adjacent resonators I'Azg g, =321/2; the
FAle =64rn/2.
Microresonators coupling coefficients with a transmission

=1Z§e =5-107*; for the odd mode of
:2-10_4;

distance between nearest filter DRs:

line: for even mode: k;e

the filters: l%(’:f(go coupling coefficients

resonators with open space: k :10_8; coupling coefficients

between neighbouring resonators of the filters: for even
mode: k12 —k12 =3.107%; for odd mode:
K|S =k =-1-107°
T
Ve =(QPY M ik QY bk 0 0)
14 + . T
V (Ql Z lbukul Ql z lbuku2 0 0) >

\'A —(0 0 Q; Zu lbsuk:z-M 1) Q; Zu 1buk:;1) ’
(18)
Ve=(0 0 L Q@YY Bk, QXY Bk

In the coupling matrix K (17) we also exclude the
coupling between the resonators of filters 1-2 on the
propagating waves of the line.

Fig. 6 shows the example of the scattering
characteristics calculating of a diplexer built on two
bandpass filters. Simultaneous optimization of filters
also allows us to control the maximum attenuation
between channels as well as other scattering parameters
(Fig. 6,b - g).

The most complex case arises when describing
scattering on frequency-detuned filters, known as
twisted double-channel SCISSORs  (side-coupled
integrated spaced sequence of optical resonators). In the
case of parallel placement of filters between two lines

(Fig. 7, a), the vectors V!"; V*; take a form similar to

(10), (11)

Ql Zbu u(2Np) 0

uel

V' = [Ql Zbu ul

uel

D b
Q; X by uz—4N1+2N2)

uel

Qz Z bu u(4N1+1)

uel

Ql zbu u(2Nyp) 0

uel uel

V?= (Ql Zbu ul

Qz Z bu u(4N1+1)

uel

Q5 Y. biky. u(4N;+2N5)

uel

while V; V! are defined by equalities:

QP Y biky: aeny O

uel

(Ql Zbu ul

uel

Qz Zbu u(4N;+1)

uel

Qz )y by, u(4N1+2N2)

uel

of
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QY Y biky¢ weny 0

uel

V= [Ql Zbu ul

uel

(20)

T
Qz Zbu (4N} +1) Oj

uel

Qz Zbu u(4N;+2Ny)

uel

where also formally:

4N1 4N1+4N2

S 1,1+ s, T+

Zbu ut Z bukut + Z bukut
uel u=2Nj+1 u=4N;+2N;

for a symmetrical arrangement of resonators relative to
the lines 1-2 and 3-4.
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Fig. 8. Diplexer on two different twisted double-channel
CISSORs (a). Scattering characteristics (b - g) of the
diplexer. Parameters of the filters are as in Fig. 7.

The coupling matrix K (2) has the form:

- 4N1 - 4N +4N2

K =itk + Y k&8, + Z k288, )8, +1¢, (1-8,)] -
v=] v=4N;+1

(21)

Adding a third line to construct the diplexer (Fig. 8, a)
redefines the vectors:

13
Vs

Z bu ul

u=2N;+1

T
z bu u(le) 0 cee 0 ;
u= 2N1+1
14
Vs z bu ul
u=2Nj+1
T
z bu u(le) 0 0 o
u=2N;+1
(22)
s b ANj+AN,
S+
Vii={0 .. 0 Q; Z uku(4N1+1)
u=4N1+2N2
b ANj+4N, T
S1,—+ .
Q2 z u u(4N1+2N2) O 0 >
u:4N1+2N2
6 b ANj+AN,
ST+H+
V=0 .. 0 Q Z ufu(4N;+1)
u:4N1+2N2
5 ANj4AN, T
S+t
Q2 z u u(4N1+2N2) 0 0
Ll=4N1+2N2
and changes the structure of the K matrix (21).
The use of a two-dimensional lattice for

constructing a diplexer (Fig. 7, 8, a) increases the
steepness of the side slopes of the frequency
dependences of scattering (Fig. 7, d — e; Fig. 8, ¢ - g),
while, at the same time, leading to a decrease in the
scattering asymmetry between adjacent ports (Fig. 7, 8,
d—e;f-g).

Fig. 9 shows the scattering characteristics of the
considered type diplexers, “optimized” according to the
condition of minimum bandwidth of the filters. The
obtained results demonstrate a noticeable dependence
of the frequency characteristics of scattering on the
choice of filter types.
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Fig. 9. “Optimized” scattering characteristics of different
diplexers: (a) on two laterally coupled add/drop filters (Fig. 3,
a); (Ny=7; N, =8 DRs; Af=50GHz); (b) on two
add/drop filters in different transmission lines (Fig. 4, a);
(N; =N, =8 DRs; Af=50GHz); (c) on two parallel-
coupled add/drop filters (Fig. 6, a); (N; =N, =3 DRs;
Af =60 GHz); (d) on two different twisted double-channel
SCISSORs (Fig. 8, a); (N; = N, =4 DRs; Af =50 GHz).

V. CONCLUSION

A general theory of scattering of electromagnetic

waves by systems of detuned in frequency dielectric
resonators, proposed in [27], opens up new possibilities
for constructing correct models of complex systems of
bandpass and notch filters suitable for the optimization
of multiplexers. The proposed electromagnetic models
of frequency-detuned add/drop filters, constructed
based on the use of DRs with degenerate whispering
gallery oscillations, confirm the main features of the
scattering characteristics studied earlier by using direct
numerical solutions of Maxwell's equations for similar
structures.
The conducted research allows significantly
accelerating the design and optimization of scattering
characteristics of modern optical communication
systems using technology WDM.
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Tpyoin O.0.
OnTumizanis MaTpuui po3cilOBaHHSI YacTOTHO-PO3CTPOEHUX GiabTPiB BBeIeHHS/BUBOAY AJS MYJIbTHILIEKCOPIB,
no0y/10BaHUX HA CHCTeMAX ONTHYHHUX JieTeKTPHYHHX Pe30HATOPIB 3 KOJUBAHHSIMH IIENOYYy4oi rajepei

Ipob6aemarnka. CyTreBe MiIBUINCHHA IMIBHAKOCTI Iepenadi iH(popMamii B BOJIOKOHHO-OTHYHHX Mepexax 3BA3KY
BU3HAYAETHCSA JKOPCTKMMH BHMOTaMH, IO NPE'SBIAIOTHCS OO €IEMEHTHOI 0a3u NpuiManbHO-NEepeaaBalbHAX MPUCTPOIB.
OnHOi 13 BaKJIMBUX CKJIAJOBUX YaCTHH TAaKUX IPUCTPOIB € IAMIUICKCEPH, MOOYMOBaHI HAa CMYyroBuX (imbTpax, sIKM 4acTo
BUKOHYIOTHCSI Ha JICJIEKTPHIHUX PE30HATOpaX 3 KOJMBAaHHIMH IIETOUydoi rajiepei. Po3paxyHOK Ta onTuMmizamis mapaMerpin
0araToJaHKOBUX CMYTOBHX (DINBTPIB Ta AUIUICKCEpiB, MOOYJOBAHHX HA X OCHOBI, HEMOXIIMBO 0€3 MOMANBIIOrO PO3BUTKY
IPYHTY€TbCSL HAa INONEPEIHIX PO3paxyHKax MapaMeTpiB po3cCitoBaHHS (IIbTPIB B PI3HOMAHITHUX JIHISX Hepeayi CKJIamHOI
TOMOJIOT{ 3B’SI3KIB.

Mera pocaixkenb. MeToro JaHOTO JOCIIIKEHHS € IOOYHOBa €IEKTPOAMHAMIYHMX MOJeNel pO3CiIoBaHHS XBHJIb Ha
Oarato3B’s3HUX CTpyKTypax [P 3 BHpo[keHUMH Tumamu BiacHMX komuBaHb MIII, ski MICTATH IEKUIBKa YacTOTHO-
PO3CTPOEHUX CMYTOBHX a00 PEeKEKTOPHUX (UIBTPIB, pO3TAIIOBAHUX B OJHIM a00 KijbKOX JiHiAX mepenayi. Jyis BupinieHHs
npo0ieMH pO3CiFOBaHHS MH BHKOPUCTOBYEMO CHCTEMY PiBHSIHb, OTPUMaHy 3 Teopii 30ypeHb s piBHAHb MakcBemna [24],
MoaudikoBany mns omucy nomiB DR 3 konuBaHHSAMHM 1iernouyd4oi raiepei B JiiHIT mepenadi. [loOymoBa Takux pillieHb
YCKJIQTHIOETBCS THM, IO KOXKEH i3 4AaCTKOBHX ONTHYHMX PE30OHATOPIB (IIBTPIB y pasi 30y KEHHS B HOMY a3UMYTaJbHO
HeoxHopinHol IIII'M Mae, sk IpaBuiIO, ABAa BUPOKCHUX TUIIM BJIACHUX KOJHMBaHb. KpiM TOro, KOKEH Takuil THI KOJHMBaHb
XapaKTepU3y€EThCSl PI3HUMH KOMIUICKCHUMH 3HAUY€HHSMH KOC(ilLliEHTIB 3B'A3KY 3 JIiHI€H, MPOCTOPOM, & TAKOX 3 IHIIUMH
pe3onatopamu. OcTaHHS OOCTaBMHA MPU3BOJAMTH 1O TOTO, L0 CHUCTEMU PIiBHAHb ISl aMIUTTYJ BJIAaCHUX 1 BHMYIICHHX
KOJIUBaHb PE30HATOPIB MO/BOIOIOTHCS. 3HAKH KOC(DILIEHTIB B3a€MHOTO 3B’S3KY 3a3BHUail pi3Hi, 1ie MPU3BOAMUTH IO TOTO, IO
noBeiHky [P B cuctemi crae ckiajHile nepeadadynuTy, TOMY JIPYrol METOI i€l pOOOTH € JAOCIIIKEHHS 3aKOHOMIpHOCTEH
XapaKTepPUCTHK PO3CiIOBaHHA XBWIb JiHiM Iepegayd. Ha CHUCTEMaxX YacTOTHO-PO3CTpoeHMX JIP 3 BHUPOIKEHUMHU THUIIAMH
KOJIMBAHb 3 MOKJIUBICTIO MOOYIOBU MYJIBTHUIUIEKCOPIB U CY4YaCHUX ONTHYHUX CHCTEM 3B'SA3KY.

Mertonuka peamizamii. [ po3paxyHKy Ta aHayizy MaTpHIlb PO3CIFOBAHHS BHUKOPHUCTOBYIOTHCS METOJU TEXHIUHOT
enekTponuHaMikd. KiHIEBUM pe3ynbTaToM € OTPHMaHHS HOBHX AHANITHYHHUX DIBHSHb Ta (OPMYN Ul HOBHX CKIIATHHX
CTPYKTYD 3B’SI3aHHUX AiCIEKTPIIHUX PE30HATOPIB 3 KONMBAHHAMH MIETIOTyHO01 ranepei.

Pe3yabraTn gocaigkeHb. PO3risiHyTO 9acTOTHI 3aJIe)KHOCTI MAaTPHIb PO3CIIOBAaHHS HA CKIAJHUX CTPYKTYypax 4acTOTHO-
po3ctporoBaHuX (igbTpiB, MOOYJOBAHMX HA CIIOJYYCHHX ONTHYHUX [ieNEKTpUUHUX pe3oHartopax (JP) 3 konuBaHHAMEH
HIETOYyJoi Tanepel, po3TanioBaHuX B OJHINA a00 KITBKOX JiHiAX mepeaadi. [Io0yqoBaHO eNeKTpOMarHiTHI MOJEINi CMyTOBHX i
(binbTpiB BBENCHHS/BUBOMY, SKI CKIAJAIOTBCA 3 PISHOMAHITHHX ONTHYHMUX PE30HATOPIB 3 BUPOMKEHUMH THIIAMH BIACHHX
KOJMBaHb. HaBeneHO 3arayibHi aHANITHYHI BHPa3sH KOS(IL€HTIB MaTpUIb Ul ITOOYMOBH CHCTEM pPIBHSHB, IO OMHCYIOTH
3B'si3aHI KOJIMBAHHS, a TaKOX BHMYIICHI KOJMBAHHS PE30HATOPIB y BUNAJKax iX BUKOPUCTAHHSA B ONTHYHHUX (iIbTpax 3
HOCTITOBHIM 1 TapajelbHAM PO3TAIIyBaHHAM. 3HAHICHO 3aTalbHI aHATITHYHI PIIEHHS AJIs MOJIS PO3CIIOBAaHHS Ha YaCTOTHO-
PO3CTPOEHIX PEe30HATOpAX, PO3TAMIOBAHKX y PI3HUX ONTHYHHX JiHIAX mepenadi. HaBeneHo mpukmagy po3paxyHKy YaCTOTHUX
3aJICKHOCTEH MaTpPHI PO3CIIOBaHHSA TS HAHOUIBII IIKaBUX CTPYKTYP, IO CKIANAIOTHCS 3 JBOX PI3SHOYACTOTHUX PO3CTPOEHUX
¢inbTpiB. Po3paxoBaHO 4YacTOTHI AMCHEPCIHHI XapaKTEPUCTUKU MAEKUIBKOX THIIB HPHUCTPOIB, SIKI CKJIANAIOTHCS 3 JIBOX
PEKEKTOpPHUX (INbTPIB 3 pI3HUMHM CMyraMH 3aropoKCHHS, BUKOHAHMX Ha po3cTtpoeHux [IP B oamHid JiHii mepenaui.
MOKIJIMBOCTI 3alPOIMIOHOBAHOTO METOJy TPOJCMOHCTPOBAHO HA MPUKIIA1 PO3PAXYHKY XapaKTECPUCTHUK PO3CIFOBAHHS BIIOMHX
THITB IUIUICKCEpiB, MOOYTOBAaHNX HA OCHOBI BHKOPHCTaHHS IBOX (iIBTPIB BBEICHHSA/BUBOY 3 Pi3HUMH YaCTOTHUMH CMyTaMU
nponyckanHs. YacTOTHI 3aJIe)KHOCTI MAaTpHIlb PO3CIIOBAaHHSA JBOX HAWNOIIMPEHIIIUX THINB MPUCTPOIB, PO3TAIIOBAHUX
napajieJib-HO MK JBOMa a00 4YOTHpMa PETYJSIpHUMH JiHIAMU mepenadi (QuIbTpiB BBEICHHSA/BUBOJY 3 PI3HOK KUIBKICTIO
pe30oHaTopiB; GUILTPU BBEICHHS/BUBOLY 3 OOKOBHUMH 3B'S3KaMH; MapalielibHO 3'€lHaHi (iAbTpU BBEACHHS/BHBO/AY; CKpYYCHA
JIBOKaHAJIbHA 3 OIYHMM 3B'SI3KOM IHTErpOBaHa MPOCTOPOBA MOCIIMOBHICTh pe3oHaropiB. I[loOymoBaHo HOBI Mojeni
PO3CiIOBaHHS JAUIIEKCEpiB, IO CKIAAAIOTHCS 3 ONTUYHUX PE30HATOPIB PI3HOI TOMOJOTIi 3’€AHAHHS: MOCIiZOBHOIO,
MapayiesibHOr0 3 BUKOPHCTAHHSAM (IUIbTPIB BBEICHHSA/BUBOAY 3 OOKOBUMH 3B'S3KaMM; MapayiebHO 3'€HaHi (QinbTpu
BBC/ICHHS/BUBOJ/lY; CKpYYeHa JIBOKaHalbHa 3 OIYHUM 3B'SI3KOM IHTErpOBaHa MPOCTOPOBA MOCHIJOBHICTh PE30HATOPIB.
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Po3paxoBaHO 4aCTOTHI 3aJIeKHOCTI MaTPHLI PO3ciloBaHHA AuILieKcepa. [IpoBeeHo NOPIBHAHHS XapaKTEPUCTUK PO3POOIEHHX
JUIUICKCEPIB, OTPUMAHUX Ha OCHOBI JIOCHI/DKYBaHUX (QUIBTPIB Pi3HUX THIIB.

BucHoBkH. Po3mmpeHo Teopiss KOHCTPYIOBaHHS JUIUICKCEPIB sIKe BiNOYBA€ThCS HA OJHOYACHOT ONTHMI3AIil MAaTpHIli
PO3citoBaHHA AEKIIBKOX (iNbTpiB, MOOYIOBAaHUX HA CKIIAHUX CUCTEMAaX JiENEKTPUYHHX PE30HATOPIB 3 BUPOPKEHUMH THUITAMH
KoJIMBaHb Inernouyydoi ranepei. IloOynoBana MeToOuKa pPO3paxyHKY Ta 3HAWAEHO HOBI AHAIITHUYHI CHIBBIJHOLIGHHS NI
koe(illiEHTIB MaTPUIl PO3CIFOBAaHHS ONTUYHUX JUIUIEKCEPIB PI3HUX BUJIB.

Kntouogi cnoea: poscitoeanns; OieneKmpuynuil pe3oHamop;, Mampuys po3ciloganHs, pedcekmopHuil ginomp, @itempu
66€0eHHA/BUB0QY 3 OOKOBUMU 368'A3KAMU, NAPATEIbHO 3'€OHAHI Dinbmpu 86€0eHHS/8UB00Y, CKPYUEHA OBOKAHANbHA 3 OIUHUM
38'513K0M iHmMeE2poBsana npocmoposa NoCIi008HICMb pe3oHamopis;, ounnexcep.





