28

UDC 621.372

ANALYSIS OF MICROSTRIP STRUCTURES BY NUMERICAL
CONFORMAL TRANSFORMATIONS TECHNIQUE

Alexander N. Sychev, Mikhail A. Chekalin, Vasily A. Shestakov
Tomsk State University of Control Systems and Radioelectronics (TUSUR), Tomsk, Russia

Computer aided microstrip structures modeling has been performed by conformal mapping technique. A new approach to re-
duce the connectivity order of the original cross-section geometry of the structure is proposed. The multiply connected domain
is reduced to simply connected ones by implementation of magnetic slits concept. The microstrip structures analysis is carried
out by numerical conformal transformations technique realized in Schwarz—Christoffel toolbox for MATLAB. This technique
is applied to the quasi-static analysis of coupled microstrip lines taking into account the conductor thickness. Described ap-
proach ensures high numerical efficiency and can be used for accurate analysis of complex microstrip structures.

Introduction

Coupled microstrip lines and other microstrip struc-
tures are widely used in high-speed digital and analog
microwave integrated circuits [1—3]. Their main fea-
tures are the complexity of the cross-section geometry
and the inhomogeneity of the dielectric filling. Success-
ful designing of the modern integrated circuits is im-
possible without the implementation of accurate and
computationally effective methods for their characteri-
zation [4].

There is no single universal approach satisfying all
the criteria to the analysis of stripline structures. Using
three-dimensional and two-dimensional electromagnetic
methods ensured the sufficient accuracy is associated
with a large amount of computer time. Hence, methods
of boundary elements, finite differences, integral equa-
tions based on quasi-static approach can be considered
as capable for successful complicated microstrip struc-
tures analyzing. Among them, the conformal mapping
technique (CMT) with high-speed computer implemen-
tation seems to be a quite attractive method for solving
this needful problem.

The conformal mapping technique is widely used to
analyze the various stripline structures due to its dis-
tinctive features [4—13]. Highest computational effi-
ciency of algorithms and programs which do not require
significant computing resources allows creating the fast
CAD as well as easily inserting the procedures of the
multivariate analysis, optimization and synthesis of
complex microstrip structures into the programs. The
conformal mapping technique is well combined with
other analytical and numerical methods of electromag-
netic modeling.

Using the Schwarz—Christoffel integral (SCI) for
simply connected polygonal regions allows obtaining

exact analytical solutions that are reliable benchmarks
for the numerical testing of other methods. High clarity
of the conformal mapping approach ensures the possi-
bility of visualizing the field by building a network of
equipotential and force lines.

The Schwarz—Christoffel mapping technique is con-
tinued to be an area of active research. Specialized nu-
merical procedures and computer programs are created
for practical implementation of SCI. The Schwarz—
Christoffel toolbox for MATLAB [14] as a public-
domain package was created on the base of Trefethen’s
FORTRAN package. First version of this open source
software was developed by Driscoll in 1994, and the
last version appeared in 2007 [15, 16]. The Schwarz—
Christoffel toolbox is used in present work.

Analysis procedure

Due to the complexity of cross-section and inho-
mogeneity of the dielectric filling of the microstrip
structures, their simulation are performed with the use
of the decomposition operations and taking into ac-
count: the symmetry of the structure; the type of modal
excitation and the periodicity properties for the multi-
conductor structures; the type of the interface between
dielectrics in two- and multilayered structures.

Fig. 1 schematically presents the microstrip line
analysis procedure consisting of the following steps:

1. Reduction through symmetry. Cross-section of the
microstrip structure is subjected to preliminary decom-
position. A symmetry plane (if it exists in principle) is
introduced. Depending on the excitation mode, the
symmetry plane can be displayed by either magnetic or
electric wall.

2. Reducing the connectivity of the cross-section re-
gion by magnetic slits. The obtained partial cross-
sectional regions ¢ are multiply connected. To reduce
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the order of connectivity to the simply connected w,
symmetrical slits along magnetic walls are introduced
between external border and internal electrodes. These
heuristically imposed magnetic slits should not disturb
the structure of the field for a given excitation mode
(which is possible if the slit is laid along the force line).
This very important step greatly determines the accu-
racy of the technique schematically presented in Fig. 1.
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Fig. 1. Original cross-section geometry of the strip structure
and its transformation by cutting and by mapping into the up-
per half-plane, and then into the target rectangular region
(parallel-plate capacitor).

3. First Schwarz—Christoffel mapping into the ca-
nonical domain. Taking into account the conductor
thickness, each of the obtained simply connected po-
lygonal region w is conformally mapped into the ca-
nonical domain z which is either the upper half-plane or
the interior of the unit disk. At the same time, both for-
ward z=F(w)= fl_l (w) = SCI{1 (w) and inverse
w= Flfl(z) = f,(z)=SCI,(z) mappings should be cre-
ated.

4. Second Schwarz—Christoffel mapping into the tar-
get rectangular domain as a parallel-plate capacitor.
The canonical domain z obtained in the previous stage
is mapped into the final target rectangular domain p in
the form of the parallel-plate capacitor. At the same
time, both forward p = f,(z)=SCL,(z)=F, '(z) and
inverse z= f{l (p)= SCI[1 (p)=F,(p) mappings
should be created.

The composite forward mapping from the original
polygon w into target rectangle p can be written as

p=SCL[SCI, " (w)]. (1)

This forward mapping relation can be used to deter-
mine the dielectric-dielectric interface curve in the tar-
get rectangle.

The composite inverse mapping from the target rec-
tangle p into original polygonal region w can be pre-
sented by following relation:

w=SCIL[SCL, " (p)]. )

This inverse mapping expression will be employed
to determinate the electric field distribution in the origi-
nal microstrip structure.

Using the obtained formulas we can find the capaci-
tance per unit length of the structure (parallel-plate ca-
pacitor) filled with air dielectric C(1). It is the ratio of
the width of electrodes to the distance between them.

5. Accounting the inhomogeneity. The next step is
intended to find the curve between dielectrics in the
parallel-plate capacitor p. In particular, it is the air-
dielectric boundary, corresponding to the surface of the
substrate in the initial microstrip structure . Using rela-
tion (1) and Zehentner’s technique [9] which allow ac-
counting the inhomogeneity, we can find the capaci-
tance per unit length of the parallel-plate capacitor with
real dielectric filling C.

6. Calculating other quasi-static parameters. For
even/odd excitations of coupled lines we have already
defined the even/odd mode capacitances per unit length
with the air dielectric C(1),,, and with real dielectric
filling C,, . That allows calculating even/odd mode
effective permittivities &, and characteristic im-
pedances Zy.,,), as well as L and C matrices.

Schwarz-Christoffel mapping

The Schwarz—Christoffel conformal mapping tech-
nique maps the upper half of the complex plane into a
simply connected polygonal region [1], [15]. A simply
connected region can be defined as the interior of a pla-
nar closed line which does not contain any holes. A new
formula for the mapping of the multiply connected re-
gions was recently derived by Crowdy [17]. This for-
mula allows obtaining correct results [18] but it is com-
plicated and inconvenient for practical computations.

The basic SCI is a formula for the conformal map f
from the complex upper half-plane (the canonical do-
main) to the interior of a polygon (the physical domain)
[16]. The polygon may have cracks or vertices at infin-
ity as indicated in Fig. 1. Its vertices are denoted by
W, W,,..., w, and the numbers o,m,o,m,...,0,7 des-
ignate the interior angles at vertices. The real pre-
images of the vertices, or pre-vertices, denoted by
X,,X,,...,X, are satisfied the condition
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X, <Xy <...<X,=00.

If vertex w, is finite, then 0<a,, <2. If wy is infinite,
—2<a; <0. Supposing the necessary constraint

k=1

we obtain the SCI formula for the map f

z n-1

w=f(2)=[f(z)+A[[[(z—x)* dz =

20 k=1

=wy +A[ (z—x)" (2 -x)® oz —x, )" dz (3)

20

where 4 and z, are complex constants. In most cases, it
can be assumed that z, =0 and w, = f(z,) .

The main practical difficulty with this formula is
that the pre-vertices x, cannot be computed analyti-
cally except in special cases. Three pre-vertices includ-
ing the already fixed x, can be chosen arbitrarily. The
remaining n—3 pre-vertices are then determined
uniquely. They can be obtained by solving a system of
nonlinear equations. This technique is known as the
Schwarz—Christoffel parameter problem. Its solution is
the first step in any Schwarz—Christoffel map. When
solving the parameter problem, the multiplicative con-
stant 4 can be found, and f'and its inverse can be com-
puted numerically.

Composing (3) with standard conformal maps leads
to variations of the Schwarz—Christoffel formula for
mapping from other fundamental domains. The simplest
modification of this formula can be obtained by using
the unit disk | z|<1 as its domain. The pre-vertices then
lie in counterclockwise order on the unit circle |z, |=1,
and the resulting formula is identical to known one ex-
cept that there are n rather than n—1 terms in the product
of the integrand [13, 15].

Example of modeling

To test the proposed technique of analysis, we con-
sider coupled microstrip lines (CMSL), shown in Fig. 2.
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Fig. 2. Geometry of coupled microstrip lines with a designa-
tion of the vertical symmetry plane and the horizontal plane
between dielectrics.

Conformal mappings of the coupled microstrip lines
half-structure for even and odd mode excitations are
shown in Fig. 3 and in Fig. 4, respectively. They corre-
spond to steps 1—4 of proposed technique. Let us con-
sider the implementation of these steps in detail.
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Fig. 3. Conformal mapping of the coupled microstrip lines
half-structure for even mode.

When forming the following vector of angles
o, =(0.5,0.5,0.5,1.5,1.5,1.5,1.5,0.5,0.5,—0.5) in origi-
nal even polygon z,, according to Fig. 3, we get the

first SCI
7
Ze2 H V 26‘2 - x€2/(

— k=4
Zel _Ae j 3

9

X, — . —

e2l H\/Zez Xe2k H\/ZeZ Xe2k
k=1 k=8

where A4, is a constant to be determined; x,,, are real
pre-vertices lying on the real axis x,, of the complex
half-plane z,, .

Now, we can find the coordinate of the additional
point x,;, numerically, for instance, by the bisection
method. Then, forming a new real vector x,; consisting
of additional point x,;, and vector x,, from sequence
X,3 =(x,3,..X,,) , as well as corresponding renumbering
allows obtaining the next half-plane z,; (Fig. 3).

When forming the following vector of angles
a, =(2,0.5,0.5,0.5,1,1,1,1,0.5,0.5,0.5) in even target
polygon z,, according to Fig. 3, we get the second SCI

dz,, , (4)

Ze3
Zen —Xe31

- I 4 10
X, —_— . —
”“’H\/Zez Xe3k H\/Zez Xe3k
k=2 =9

where x,,, are pre-vertices lying on the real axis x,; of
the complex half-plane z,;. Now, we can determine the
capacitance per unit length of coupled microstrip lines
with air dielectric filling for even mode as follows:

dz,,, (5)

Zey
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Ce (1) = SOPe 2 (6)

where €, =8.854 pF/m is dielectric permittivity of the
free space; P, denotes the width of the rectangle even
region z,, with normalized height equaled to unity.

10() P,
Electric wall

Fig. 4. Conformal mapping of the half-structure of the cou-
pled microstrip lines for odd mode.

Fig. 4 illustrates the process of conformal transfor-
mation for odd mode. Taking into account angles in
original odd polygon z,, forming the same vector a,
as in even polygon z,, we get the first SCI for odd
mode

el >

7
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dz,, , (7)

where 4, is a complex constant; z,,, are pre-vertices
lying counterlockwise on the unit disk |z, |=1. The
vector of angles in odd target rectangular region z , is
o, =(1,0.5,0.5,1,1,1,1,0.5,0.5,1) , therefore the second
SCI for odd mode can be written as:

z
02 dzoz
=5 ;
Z, — . —
0 | I '\/ZOZ Zqu | I '\/202 Zqu
k=2 k=8

where z,,; are pre-vertices lying counterlockwise on the
unit disk |z, |=1.

Subsequent normalization z,; leads to rectangular
region z,, oriented along axes. Now, the target region
z,, can be presented as parallel-plate capacitor having
the following capacitance per unit length with air di-
electric filling

V4

o

. (®)

C,() =gk, )

where P, is the width of the odd rectangular region z,,
with normalized height equaled to unity.

The composite inverse mappings (2) from the target
rectangular regions z,, and z,, into original polygonal
regions z,, and z,, allow finding the electric field dis-
tribution in the analyzed microstrip structure. For this,
we generate rectangular grids of the force and the equi-
potential lines in the target rectangular regions z,, and
z,, . Then, using (2), we map those grids into original
polygonal regions z, and z,, corresponding to the
analyzed microstrip structures for even and odd mode
excitation. Calculated distributions of the electric field
in the coupled microstrip lines half-structure for the
even and odd modes are shown in Fig. 5.

6 | Magnetic wall 6 | Electric wall
4l — 4 —
00 s
2
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Fig. 5. Calculated distributions of the force (solid curves) and
the equipotential (dashed curves) of the electric field in the
coupled microstrip lines half-structure for even (a) and odd
(b) modes.

The resulting maps of the electric field (Fig. 5) allow
making sure in adequacy of introduced magnetic slits
shown in Fig. 3 and Fig. 4.

Conformal mapping of inhomogeneous
dielectric boundaries

Taking into account the dielectric inhomogeneity of
the microstrip structures has been performed by many
authors. Wheeler [10] has proposed an approach to ana-
lysis of a single microstrip line based on concept of par-
allel capacitor and has obtained the relation between the
effective filling fraction ¢ and the effective dielectric
constant €, .

Later Wan [11] analyzed the coupled microstrip
lines considering the air-dielectric boundary as an ellip-
tical-looking curve. He assumed the boundary to be a
quarter of the ellipse and applied the equivalent bound-
ary approximation to get the dielectric filling factor and
the mode effective permittivity.

By using the mechanism of the Jacobi functions,
Callorotti [12] obtained the solution based on sequential
forward and reverse Schwarz—Christoffel transforma-



32 TELECOMMUNICATION SCIENCES VOLUME 3 NUMBER 1 JANUARY — JUNE 2012

tions. He separated the dielectric interface function into
real and imaginary parts. It allowed the analytical de-
termining the curve separated two dielectrics in the
transformed plane (in the target rectangle). When ob-
taining this curve, the capacitance of the system is cal-
culated numerically by a finite-difference method.

We will employ the procedure developed in [10—12]
to find air-dielectric boundary in the parallel-plate ca-
pacitors (step 5) with the difference that its capacitance
will be calculated by Zehentner’s technique [9].

Consider the sequence of the calculation in more de-
tail. The composite forward mappings (1) from the
original polygons z,, and z,, into target rectangles z,,
and z,, (see Fig. 3 and Fig. 4) allow determining those
dielectric-dielectric interface curves in the rectangles
for the even (Fig. 6a) and odd (Fig. 6b) modes. It
should be noted that the rectangle for the even mode
has a magnetic slit, and therefore it can be more accu-
rately described as a heptagon.
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Fig. 6. Target rectangular regions of the half-structures (par-
allel-plate capacitors) of the coupled microstrip lines for the
even (a) and odd (b) modes.

The rectangular regions with the electrodes placed
on the upper and lower boundaries are divided by verti-
cal magnetic walls into parallel subregions: four for the
even mode (Fig. 6a) and five for the odd mode (Fig. 6b)
respectively.

The first and fourth subregions for the even mode as
well as the first, third and fifth subregions for the odd
mode are filled with homogeneous dielectric. This al-
lows immediate calculating the per-unit-length capaci-
tance as the ratio of the width of the electrodes to the

distance between them multiplied by the appropriate di-
electric permittivity (Fig. 6).

The remaining second and third subregions for the
even mode as well as the second and fourth subregions
for the odd mode have inhomogeneous dielectric filling.
The presence of the dielectric inhomogeneity requires
further decomposition of the microstrip structure by the
vertical magnetic walls (Fig. 6). The resulting narrow
columnar subregions can be presented as a rectangular
parallel-plate capacitor with an inclined interface line
between dielectrics (Fig. 7).
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Fig. 7. The rectangular parallel-plate capacitor Ax —b with
inclined interface line y(x) between dielectrics €,; and ¢,,.

In the rectangular parallel-plate capacitor Ax—b
with inclined interface line y(x) between dielectric
layers, the force lines of the electric field radiating from
the upper conductor within the range Ax will almost
perpendicularly intersect the curve y(x) representing
the surface of the dielectric in the microstrip structure
[9]. The capacitance corresponding to this field can be
simply determined as the capacitance of two sequen-
tially connected capacitors.

Let Ax and b values denote respectively the width
and outer spacing of their electrodes. Dielectric permit-
tivities of the first and second capacitors are ¢,; and
€,,, so that Ae=¢,, —¢,,. In both capacitors, the spac-
ing between their electrodes varies in the x direction,
thus forming an inclined interface line y(x) between
dielectric layers. Assuming that the value x can be con-
sidered approximately as a constant within dx for cho-
sen range Ax, the slope of the line y(x) can be speci-
fied by following equation:

y(x)=ax+b,, (10)

where a=(b, —b;)/Ax . Taking into account equalities
B, =»(x) and B, =b-y(x), the capacitance dC of
elementary parallel-plate capacitor with constant inter-
face line can be expressed as:

-1 -1
dc =[ dc;’ +dC2_1]_1 —g, [‘C’Védx] +[8rgdxj
1 2

-1
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The total capacitance AC of the rectangular paral-
lel-plate capacitor with the inclined interface line y(x)
between dielectrics with permittivities €,, and ¢,, is
determined by following relation:

Ax Ax e Y (e ) -
AC= [ dC= En | 1Ea | | =
i IKB] {BJ ] "

Ar 4 Sl
= [ & [lj J{ Er2 j de. (1)
0 y(x) b= y(x)
The transformation of the formula (11) gives
At T
AC=80J{ax+bl +b ax bl} dy =
oL €n €2
Ax
€,1€,,dX
:80_[ — r1©r2 ) (12)
0 ZAX ! (8r2 _81‘1)x+8r2b1 +8r1 (b_bl)

To transform (12), we apply the following known re-
lation

2

Idx

=llog|Ax+B
Ax+B A

As a result, we obtain

AC = €08118, A% log {l +
(€2 —&,1)(by = b))

(8r2 _grl)(bz _bl) )
8r2bl + 8rl(b _bl)

This formula can be rewritten in the following alter-
native final forms:

AC = €08,18,)AX lo {%2172 +8,(b- bz)}
(€, —€,)(by — b)) €00 +¢&,(b—-b)

8r18r2Ax lo |:(8r2 _8r1)b2 + 8rlb:| ) (13)

(62 —8)by—by) (€2 —&.)b; +&,b

Expressions (13) specify the capacitance of rectan-
gular parallel-plate capacitors with the inclined inter-
face line y(x) between dielectrics. These relations can
be used to calculate per-unit-length capacitances of rec-
tangular parallel-plate capacitors with real dielectric
filling C,, C, for the even and odd modes.

Based on designations of Fig. 6, we have found
even- and odd- mode capacitances with air C,(1),
C,(1) and real dielectric filling C,, C,. They allow
forming the per-unit-length matrices of the inductance
L and the capacitance C(1)

L=poe,C(1)7

1 { ¢, +C@),

i e, +C,
D=3 _cay, +ca, }

c@,+CQ),

where p, =400n nH/m. Capacitance matrix C per unit

length in the case of real dielectric filling can be written
as follows:

1| C,+C,
2

-C,+C,
-C,+C, '

C,+C,

At last, even- and odd- mode characteristic imped-
ances and effective dielectric permittivities can be cal-
culated by following well-known equations:

376.73 _ Ce)

0(e,0) — s €eff(e0) = A vt
v Eeff (e,0) |:C(e,o)(1)/80:| C(e,O) @

Furthermore, the average characteristic impedance
and the coupling factor can be computed as

Zy=20Zoo s k=(Zy, = Zo,) | (Zoo + Zy,) -

Results of simulation

Z

As the test structure we choose coupled microstrip
lines shown in Fig. 1 with the following physical and
geometrical parameters: w=0.9 mm; ¢=0.05 mm;
§=08 mm; ~=1 mm; ¢, =10; ¢,, =1.

Calculation of electric parameters by the proposed
technique gives the following results: even/odd mode
permittivities are &, / €, = 6.45/5.25, characteristic
impedances are Z,,/Z,, =61.3/42.2 Ohms; Z, =51
Ohm; £ =15 dB.

The same parameters obtained by the program
LINPAR (method of moments) [19] are as follows:
oo | €y =7.06/5.415 Z,, | Z), =60.0/41.8 Ohms;
Z,=50 Ohm; k=15 dB.

The same parameters obtained by the program
AWR/TXLINE: &, /e, =721/585; Z,, /Z,, =
=57.2/41.4 Ohms; Z, =49 Ohm; k=16 dB.

One can see that the difference between numerical
results for the characteristic impedance and even/odd
mode permittivities does not exceed 1—4% and 3—10%
respectively. It should be noted that the proposed tech-
nique allows analyzing the more complex structures
with vertical substrates [3] which can not be calculated
by the planar modeling system AWR/TXLINE.

Conclusion

The effective technique based on free computer
package of the Schwarz—Christoffel toolbox for
MATLAB implemented the numerical conformal
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transformation has been proposed. This technique
allows calculating the microstrip structures with
complicated cross-section. The electric field distribu-
tion in the analyzed structure and line shapes between
dielectrics in the target rectangular region (parallel-plate
capacitor) can be successfully determined by proposed
technique.

To wverify the developed approach, the coupled
microstrip lines have been modeled with taking into ac-
count the conductor thickness. The simulated results are
in good agreement with the calculated data obtained by
other well-known computer programs. The described
approach is characterized by high numerical efficiency
and accuracy appropriate for practical applications.
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