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DEPENDENCE APPROXIMATION OF THE HURST COEFFICIENT ON
THE TRAFFIC DISTRIBUTION PARAMETER

Lozhkovskyi A.G., Levenberg Ye.V.

O.S. Popov Odessa national academy of telecommunications, Odessa, Ukraine

Background. Despite the popularity of the model of self-similar traffic, until now a number of tasks of assessing the
quality of service in the packet communication network remains unresolved. Because of the lack of a rigorous theoretical base
that can complement the classical queuing theory when designing a packet-based communication network with self-similar
traffic, there is no reliable and recognized methodology for calculating parameters and quality indicators for information
distribution systems under conditions of the self-similarity effect.

Objective. The aim of the paper is the improvement of the accuracy of calculating the quality of service characteristics by
obtaining a new formula for calculating the traffic self-similarity coefficient, depending on the parameter of the form of the
Weibull or Pareto distributions. Self-similar traffic or the time interval between stream packets is described by these distributions.

Methods. To calculate the QoS characteristics, you only need to know the parameter a of the Weibull or Pareto
distribution form and there is no need to calculate in a rather complicated way, for example, the R/S-method, the self-similarity
coefficient of Hurst for traffic.

Results. A significant difference between the real and the linear dependence of the self-similarity coefficient H on the
parameter a of the Weibull distribution form or on the parameter a of the Pareto distribution form is detected.

Conclusions. The use of real functional dependences of H on a allows enhancing the accuracy of calculating the quality of

service characteristics.

Keywords: quality of service: Hurst coefficient: self-similar traffic.

Introduction

In packet communication networks, the input
information streams can have a constant, variable and
mixed bit rate, and therefore the mathematical model of
the flow varies from the simplest Poisson to the most
complicated model of fractal processes (self-similar
traffic).

Although model of self-similar traffic is recognized,
until now a number of tasks of assessing the quality of
service in the packet network remains unresolved.
Because of the lack of a rigorous theoretical base that
can complement the classical queuing theory when
designing a packet-based communication network with
self-similar traffic, there is no reliable and recognized
methodology for calculating parameters and quality
indicators for information distribution systems under
self-similarity conditions. It has been shown in [1, 2]
that, in the presence of self-similarity properties in the
incoming packet stream, with increasing load intensity
p, the service quality characteristics deteriorate, but not
as much as is assumed by the Norros method [3]. The
discrepancy between the results of modeling and
estimates obtained by the Norros method is sometimes
hundreds of percent [1]. Obviously, Norros’s estimate is
significantly overestimated, which requires finding a
more accurate solution.

To simulate a process of fractal character, it is
necessary to generate random realizations of the fractal
Brownian motion fBM. Mathematical modeling of
traffic with the effect of fractal Brownian motion uses
probability distributions, called “long tail distributions”,
to which the Weibull and Pareto distributions refer [5].

In multiservice packet communication networks
based on packet switching technology, the traffic or the
distribution of the number of packets per time unit is
well described by a self-similar random process with a
self-similar coefficient (Hurst parameter) of 0.65-0.8 or
more [1]. The main reason for the self-similarity of
traffic is the integral nature of the network
(multiservice). This network is used simultaneously for
the transmission of speech, video and data, represented
in the form of standard packages. Here, the flow of
different applications and services is provided by the
same network with unified protocols and control laws.
In all the known flow models it was assumed that the
probability of the appearance of the next event depends
only on the time elapsed since the previous event was
made and does not depend on the entire history of
events. Thus, traffic models in packet communication
networks differ from traditional models. The use of
inadequate mathematical models of traffic leads to an
incorrect evaluation of the quality of service (QoS)
characteristics of the network.
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An adequate model of flows in such networks is self-
similarity processes, where the input stream is described
by a fractal Brownian motion (fBM model). When
generating self-similar traffic, the criterion for its self-
similarity is the so-called long-range dependence. To
detect this dependence, the definition of the correlation
function is used. For a self-similar process, the
correlation properties of the process averaged over
different time intervals remain unchanged.

Estimates obtained by the Norros method

To calculate a single-server system with an infinite
queue and a constant service time (fBM/D/1/c0 model), a
solution is known in the form of the Norros formula [3,
4], using the self-similar coefficient H, called the Hurst
coefficient:

N=(1_p)H/(H—1)/pO.5/(H—1)‘ )

Here N is the average number of packets in the
system, which can’t be exceeded, i.e. this is the upper
bound for this number of requirements in the system.

The Hurst method allows to reveal in its packet data
statistics such properties as clustering, the tendency to
follow the direction of the trend (persistence) and the
rapid intermittence of successive values of ftraffic
intensity (bursts of intensity), strong aftereffect, strong
memory, self-similarity, the presence of periodic and
non-periodic cycles (due to the peculiarities of the
transmission protocols used) [5].

The simulation results shown in Fig. 1 show that
self-similar traffic with increasing load intensity p
deteriorates the quality of service characteristics (), but
not as much as is established by the Norros formula. The
discrepancy between the simulation results (shown by
the “+” sign) and the estimates obtained by the formula
(1) (shown by a dashed line) can reach hundreds of
percent. Estimation of Norros is greatly overestimated
and a more precise solution is needed.
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Fig. 1. Modeling N in the fBM/D/1/c0 model at H = 0,7

Approximation of traffic by Weibull
distribution

To achieve the self-similarity effect, Pareto or
Weibull distributions, often called “long tail
distributions”, are used. The presence of the “long tail”
distribution provides the property of traffic packet, since
the probabilities of long intervals between events
increase in the distribution (for example, the absence of
packets in some interval), and the probabilities of very
short intervals also increase to compensate them or
concentration of the packets (increase) on another time
intervals.

The density of the Weibull distribution is given by
the function:

f(x)=hax"e ™, 2)

where a — is the shape parameter; A — is the scale factor.

In practical modeling of self-similar traffic, for
example, using the algorithm [6], the Weibull
distribution is obtained by switching from a uniform
distribution by the inverse function method:

z =[_11nu,) | 3)

i
0

where Z; — is the i-th interval between flow requests; U —
is a random number uniformly distributed on the interval
0...1. To ensure the self-similar properties of simulated
traffic, it is necessary to set the value of the shape
parameter a within the range from 1 to 0, which should
provide the values of the Hurst self-similar coefficient in
the range H=0,5 ... 1, respectively.

The shape parameter a of the Weibull distribution
and the Hurst coefficient H are assumed in the following
dependence [4]:

H=(2-a)2. 4)

For processes without self-similarity properties, the
Hurst parameter is H <0.5, and for self-similar
processes this parameter is in the range 0.5...1 (the
process has a long memory).

The simulation results presented in Fig. 2 show that
for the Weibull distribution there is no linear
dependence (3) of the coefficient H on the shape
parameter of the distribution a.

Fig. 2 shows that the real Hurst coefficient HR
(dotted curve) depends on the a shape parameter of the
Weibull distribution not linearly (solid line), but
according to a law close to the exponential one.



20 INFORMATION AND TELECOMMUNICATION SCIENCES VOLUME 8 NUMBER 2 JULY-DECEMBER 2017

Hw(a) % ‘
H(z) il

e OO

0.00 0.10 0.20 0.30 040 0.50 0.60 0.70 0.80 0.50 1.00

Fig. 2. The dependence of H on a for the Weibull distribution
for H=0,5...1,0

If the actual traffic statistics (the interval of time
between requests or packets) is approximated by the
Weibull distribution, then for the Norros formula (1) it is
necessary to calculate the self-similarity coefficient of
Hurst not according to formula (4), but from the formula
of the HR approximating curve shown in Fig. 2 by the
dotted line. In this case, the accuracy of calculation (1)
increases significantly, since, for example, it follows
from (4) that for a = 0,3 the coefficient H = 0,85, and in
fact H = 0,6, which is 40% less.

According to the results of simulation [6], the
following formula is proposed to calculate the Hurst
coefficient of traffic described by the Weibull
distribution:

=94 4 051. (5)

The approximation (5) of the Hurst coefficient HR
(dashed line), shown in Fig. 2, although not completely
corresponds to the curve of the real change in the Hurst
coefficient as a function of the parameter a of the
Weibull distribution form, but ensures the accuracy of
calculating the quality of service characteristics by an
order of magnitude higher than calculations using
formula (4). At the same time, the calculation error on
the average does not exceed 10 ... 20%.
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Fig. 3. The dependence of H on a for the Weibull distribution
for H=0,6...0,9

For a range of values of the coefficient H = 0,6 ...
0,9, such an approximation is given:
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Hw=4le "% +0,57, (6)

which provides an even more accurate calculation of the
Hurst coefficient H as a function of the shape parameter
a of the Weibull distribution. It is in this range that the
values of the coefficients H of real self-similar packet
network traffic are found.

Approximation of traffic by Pareto distribution

The density of the Pareto distribution is function:

f<x>=g(éj“”, @)
X

where a — is the shape parameter, which is varied for
simulating self-similar traffic in the range from 1 to 2; b
— is the minimum value of the random variable x. For a
<2, the dispersion of the distribution is infinite (which is
required as the conditions for self-similarity).

In generation of a random value of the time interval
between events in Pareto distribution (7), it is necessary
to perform a transition from uniform distribution by the
inverse function method [2]:

YA —La (8)

where Zi — is the i-th interval between events; U — is a
random number uniformly distributed on the O...1.

The shape parameter of the Pareto distribution a and
the Hurst coefficient H are assumed in such a
relationship [4]:

H=03-a)2. )

To ensure the self-similar properties of the traffic,
the values of the shape parameter a should be set in the
range from 2 to 1, which provides values for the Hurst
coefficient in the range H=0,5 ... 1, respectively.
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Fig. 4. The dependence of H on a for the Pareto distribution
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The simulation results presented in Fig. 4 show that
for the Pareto distribution there is no linear dependence
(9) of the coefficient H on the shape parameter of the
distribution a.

Fig. 4 shows that the real Hurst coefficient HR
(dotted curve) depends on the shape parameter a of the
Pareto distribution is not linear (solid line), but
according to a law close to the exponential one.

Thus, if the real traffic statistics (the time interval
between packets) is approximated by the Pareto
distribution, then to calculate the quality of service
characteristics by the Norros formula (1), the self-
similarity coefficient of Hurst should not be calculated
by formula (9), but by the formula of the HR
approximating curve shown in Fig. 3 (dashed line). In
this case, the accuracy of the calculation increases by an
order of magnitude, while the error does not exceed 10
.. 20%.

According to the results of simulation using the
algorithm [6], a very simple formula is proposed for
calculating the Hurst coefficient of traffic described by
the Pareto distribution:

Hp=a" 078, (10)

where a — is a shape parameter of the Pareto distribution.

The approximation (10) of the Hurst coefficient HA
(dashed line) does not fully correspond to the curve of
the real change in the Hurst coefficient as a function of
the shape parameter of the Pareto distribution a, but
even in this form provides an accuracy of the calculation
of the quality of service characteristics by an order of
magnitude higher than in calculations with Using
formula (9). At the same time, the calculation error on
the average does not exceed 10 ... 50%.

By formula (1) and approximation (10), through the
shape parameter of the Pareto distribution a, we can
calculate, for example, the average number of packets in
the system N:

I =3P CC

Taking into account the approximations (5) and (10)
given, when estimating the quality of service
characteristics, it is sufficient to calculate only one of the
characteristics, for example, the average number of
packets in the system N according to the formula (1)
through the shape parameter of the Weibull or Pareto
distribution a. All remaining characteristics of QoS are
calculated using the following formulae, since

characteristics such as the average number of packets in
the queue Q, the average time of packets in the system
T, and the average number of packets in the queue W are
related to N known functional relationships:

Q = N —p — average number of packets in the queue.

T = N/p — average time of packets in the system,

W =T —1 — average time of packets in the system.
Conclusions

In conclusion, it should be noted that this method
allows us to calculate quality of service characteristics
(QoS) of self-similar traffic described by Weibull or
Pareto distributions in a single-channel fBM/D/1/w0
system with discrete time of service of packets is much
simpler. This simplicity is explained by the fact that for
calculation it is necessary to know only the shape
parameter a of the Weibull or Pareto distribution and
there is no need to calculate the self-similarity
coefficient of Hurst for traffic in a rather complicated
and laborious way (for example, using the R/S-statistics
method). All the graphs presented show a significant
difference between the real (5) and the currently used
linear dependence (4) of the self-similarity coefficient H
on the shape parameter a of the Weibull distribution or
the difference between the real (10) and the linear
dependence (9) of the self-similarity coefficient H on the
shape parameter of the Pareto distribution @ in the
system fBM/D/1/o0. Using real functional dependencies
of H and a allows enhancing the accuracy of calculating
the quality of service characteristics.
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A.T. Jloackoecokuil, €.B. Jlegenoepe

Anpoxcumauisi 3ajexKHOCTi KoediuienTa Xepera Big napamerpa po3noainy Tpadika

IMpob6aemaTuka. He3paxxatoun Ha MOMyNAPHICTh MOJeNi camomnoaiOHoro Tpadika, 10 cUX Hip pAd 3aiay OLIHKH SKOCTi
00CITyroByBaHHS B TaKeTHil Mepexi 3B’S3Ky € HeBHUpilleHMMH. Yepe3 BiACYTHICTb CTPOTOi TEOpeTHYHOi 0a3u, 3JaTHOI
JIOTIOBHUTH KJACHYHY TEOpil0 MacoBOro OOCIyroByBaHHS NpHM MPOEKTYBaHHI MakeTHOT Mepexi 3B’A3Ky 3 CaMONOoJiOHUM
TpadikoM, He iCHye HOCTOBIpHOI i BM3HaHOI METONUKM PO3PAaXyHKy MapaMeTpiB i MOKAa3HWKIB SKOCTI CHCTEM pPO3IOAITY
iH(opMauil B yMoBax eeKkTy caMononoou.

Meta pocnmimkeds. [limBUIIEHHS TOYHOCTI PO3paxyHKY XapaKTepUCTHK SIKOCTi OOCIYrOBYBAaHHS LIIAXOM OTPUMAaHHS
HOBOI (hopMyJM po3paxyHKy KoedilieHTa caMonomioHoCTi Tpadika B 3aJeKHOCTI B mapamerpa ¢opmu posnominy Belibymna
abo [Tapeto, ockinbku camononioHuit Tpadik (iHTepBaN yacy Mix MakeTaMu MOTOKY) OMHUCYEThCSA LIUMU PO3MOILTIaMH.

Mertonuka peasizanii. [[na po3paxyHky xapakTepucTuk QoS HeoOXigHO 3HATH JiMLIe mapaMeTp a (OpMH PO3MOILTY
Beiibymna abo Ilapeto i HemMa HeOOXiZHOCTI PO3paxoByBaTH IOCTATHbO CKJIAJHMM CIOCOOOM, Hampukiag, MeToioMm R/S-
CTATUCTHKH, KoedilieHT camononioHocTi XepcTa mis Tpadika.

PesyabTaTu pocaigkeHb. BusBIEHO CyTTe€BY BiAMiHHICTb peajibHOI i BUKOPUCTAHOI Temep JiHIMHOT 3aieXHOCTi
koegiuieHTa camomnoaioHocTi H Big mapametpy a hopmu posnoainy BeiiOyina ado Big mapamerpy a hopmu posnoziny [Taperto.

BucHoBkn. BukopucranHs peanbHux QyHKLIOHATBHUX 3aJI€XHOCTeH H Bill ¢ 103BOJISE MiBUIINTH TOUHICTb PO3PAXYHKY
XapaKTepPUCTHK SKOCTi 00CIyroByBaHHS Ha TOPS/IOK.

KitouoBi citoBa: skicTs 00cmyroByBaHHs, koediuieHT XepcTa, caMmononioHuii Tpadik.

A.T. JTosxckoeckuii, €.B. Jlesenoepz

Annpoxkcumanus 3aBUCUMOCTH K03 uumenTa Xepera oT napamerpa pacnpeaeseHusi Tpadguka

IMpodaemaTnka. HecMoTpst Ha NOMyYJISIPHOCTb MOJIEIH CaMOMNOJO0HOT0 TpaduKa, 10 CUX MOp P 334a4 OLEHKH KauecTsa
o0ciyk1BaHUA B TIAKETHOM CETH CBA3M OCTAaeTCS HepelleHHbIMHU. V3-3a OTCYTCTBHS CTPOroii TeopeTuueckoit 6asbl, CIOCOOHOI
JOTIOJTHUTh KJIACCHYECKYI0 TEOPHI0 MacCOBOTO OOCHyKMBAaHMSl TpPU TMPOEKTHPOBAHUM TMAKETHOH CeTHM € caMOoMoJoOHBIM
TpaMKkoM, HE CyIIECTBYeT JOCTOBEPHONW M MPHU3HAHHOI METOAMKM pacueTa MapaMeTpoB W MOKa3areseil KauecTBa CHCTEM
pacnpenenieHus HHPOPMAIMHN B YCTIOBHAX 3 (PeKTa caMOToI00Hs.

Lens nccnenoBanuii. [TlobimeHne TOYHOCTH pacyeTa XapakTepUCTHK KadecTBa 0OCITYKMBaHKS ITyTEM IOyYeHHsT HOBOI
(opmybl pacuera koddpunmenTa camonofoOHOCTH Tpaduka B 3aBUCHMOCTH OT MapaMeTtpa (opMbl pactipenenenuii Belibymna
nnu [lapero, T.k. camononoOHbIi Tpaduk (MHTEpBaN BpeMEHH MEXIy NaKeTaMM TMOTOKA) ONMCHIBAETCS STUMH paclpeaeNieHUsAMH.

Metonnka peanuzauun. [{ns pacuera xapakrepuctuk QoS He0OX0ANMO 3HATH JIUIIb TTapaMeTp a (GOpMBI pacTipeeneH s
Beiioynna unu [lapeto 1 HET HEOOXOIMMOCTH PAcCUMTHIBATH JOCTATOYHO CJIOXKHBIM CIIOCOOOM, HAmpuMep, MeTonoM R/S-
CTaTUCTHKH, K03 PuuueHt camononodHocti Xepcra as Tpaduxa.

PesyabTraThl HcciaegoBaHuii. OOHAapyKEeHO CYIIECTBEHHOE OTIMYME pealbHOM M HCIoNb3yeMoil ceiiuac JHMHEHHOMN
3aBUCHMOCTH Ko3(uimeHTa camononoOHocTd H oT mapamerpa a ¢opmbl pacmpeneneHus BeitOymna winm oT mapamerpa a
(bopmbl pacnipenenenus [Napero.

BeiBoabl. Mcnonb3oBaHue peanbHbIX (PYHKLMOHANBHBIX 3aBUCUMOCTEH H OT a TMO3BOJIAET MOBBICHTH TOYHOCTb pacyeTa
XapaKTepUCTHK KauecTBa 00CITy>KMBaHHs Ha MOPSIOK.

KitoueBble ciioBa: kauecTBo 00CHyKuBaHus, KO3 puuneHT Xepcra, caMonoJo0HbIi Tpaduk.
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